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1. Inflation. Backqground evolution and basic definitions,
2. Scalar field inflation.

3. Inflationary perturbations and gauge fixing.

4 Stochastic Frc;:-!ﬂer&ies and statistical approach,

5. Cosmological per&urba&ious i large scale skructure

| formation,
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Cosmological principle: homogeneous and isotropic fluid ot large
*sa\tes‘ L ~ 1~ 100 Mpc. 1 Mpc = 3x102* cm ~ 3x10¢ - 3x10¥ Light-years.

Homogeneous Isotropic
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FLRW solution: A solution reflecting isotropy and homogeneity
ds? = — d* + a?(®) 51-]-dxidxj j

Symmelric under translations and rotations:

s L e R"jxj, R’:]- e SOQA).
Kinematic quantities:
Observeres (timelike) 4-velocity

dx*
E’ gﬂyu”u” =—1, w =) =(1,0,0,0).

Induced spm:i,ai mekbric:

Ut =

h,=g,+uu, h,u*=0.
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Matter contents: Energy momentum tensor of a general fluid:

= phﬂy + 2q(ﬂuy) 22

Ma&&ermimargj D= lT i _)Iso&ropi,t:
density, Bl pressure,

Zero krace
il e ey flux X =h,’h,/T,, — anisotropic

u
skress btewnsor

p=TL uu —

Energy momentum tensor of a single, perfect fluid (g, =0,Z, = 0):

T, =(+puu,+pg,, T,=daglp,p,p,p).

Camﬁmu&tj aqu&&om
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Hubble iiiia
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H rate a

* Continuity v il
&qua&uom

Equation of state
(barotropic fluid)

dpda 1 da
| + ——3p(1 + w) =
da dr a dt

S T

S S




e e —

Evolution of the scale factor

8t 2

P = pPod T'D —  a = qyt3a+e

Particular cases of the equation of state

—3(4w) 2 —

Ulkra nown-relativistic makter o =0, p= poa_3, bl == aol‘2/ 2

| Radiation =S il poa_4, D= aotl/z.

| Vacuum, A o sl et

Light gqeodesics and yo\rﬁd@. horizon

* 2 ikt gy ds
Photons tra jectory 0=ds*=—dr"+ a“(¥) 5l.jdx ol s = e

a(t)

D Particle horizon
t - ! [
R,(t) = a(r) i Moxinmum distance E.ha& an
a(t)) |observer can reach in a

F‘Phjs&vmi. distance thak a
| JFahoEam Eravels

0

causal way,

HEI | fii il
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Comoving and physical scales
Comoving distance x. Physical distance x, = ax,
Conformal time 7

dsa == dt= 4 a’(t) 5ijdxidxj = a*(7) [—dT2 + 5ijdxidxj ;

Causaiij
connected

dt il
| =St ] ==t A T_[ il
a(t) o a(t’)

INull geodesics / Causally

X = + 7 + const . / disconnected
$ from A

Frontiers between regions in causal
conbact with an observer, and

regions without causal contact,
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Hubbi.@_ roadius { dt/ { 1 dt, a 1
= = da = — | dlna.
o a(t) o a(t’) da o \aH

Comoving par&iate horizown 7.
Hubble radius: H™!.

Comoving Hubble radius: (aH )_1.
Scales and Hubble radius

= aln/k

i . : Eiisbil
Comparison of scales: 2 (a /1) i
a

‘kasit:at wavelength 1 = a4l

comoving

k
— <1 — A outside the horizon.
aH

k
—>1 — A 1nside the horizon.

aH

R

Number of e-folds dN =Hdtr=dIna.
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Surface of last scabtering and causally connected reqions. The time when
photons decouple from matter, at temperature T ~ 0.3 eV, at time b ~

3x10°% Years.
a 1 g
T = [ _H dlna « Cl7<1+3w) :
0 da

For w > 0, the horizon is growing mcha&omi,cau?, 50, Fka&ons Ehat we see

today, tracked back in the past, come from regions causally

Hdis«:ow\ec&ed. The prc:nbi.em with that is Ehat Ehose r:ausai.i.:, disconnected

regions share very similar features, for instance, the distribution of
temperature perturbations around decoupling time is homogeneous and
isotropic. This is, causally non-communicating regions share basiaattj the

same features.
In terms o the Hubble radius. If the Hubble radius grows monotonically,

 |then, homogenheous regions that we see today were far outside the Hubble

radius in the Pas&
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Surface of last scabtering and causally connected regions.

()

' The evolution of Hubble radius vs the
evolution of a scale 4, the distance

t' between two photons coming from last
scattering surface

1
A<t = — A 1nside the horizon.

A>ry = — A outside the horizon.

H
1
H




Surface of last scattering and causally connected reqions.

Comoving
Physical Hubble
scale length

Physical
Hubble
length

Comoving

Scale

Log (comoving scale)
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Inflation and the horizon problem. In order to solve the problem with

causality posed by the horizon problem, we should have a shrinking
Hubble radius in the fms?:, so:

d cli ] i
= e U = )
dt dr \ aH

From Friedmania equa&ionsz

i 4 AnG 1
—:H+H=—T(p+3p) = (p+3p)<0 = a)<—§.
a

Inflation defined in terms of the evolution of the scale factor.

d |
< ><O <=

dr \ aH




Pend reheating

A¢

Illustration of an inflakon potential

R R P




V= Jd“x\/fg

Equation of motion for ¢
oS |

il 0 (,/Tgaﬂ(p)m Attt
5¢ /—_g H ¢
Emergijomammm tensor

| kit PN (la 0°p + V( ))
WP e o Sl

Grravitational field equation

AliiemG : . 4G ’

M il




Homoqgeneous field ¢. A homogeneous scalar field ¢(x, 1) = P(1)
behaves Like a perfect fluid and support the inflationary evolution

Pressure, energy density and continuity equation
| Hl
T = py=79"+ V().

dp,

TZ(Z¢) il p¢ (e %¢2 Lt V(¢), ? =k 3Hp¢(1 i a)qb) {1}

Py %(152 — V(¢)

a), —m — = : i
AT T S I

Gravitational field equation/ Friedman equations

i CR
H” = 3 2¢+V(¢),

H+H’ =-— MTG(l + 3a)¢)<%$2 + V(¢)) |




Definition of slow roll parameter €

f 1H2(1 +3w,) = H¥(1 — ¢) : i)
e eV ;) = eiral i b= ) ==
a 2 z % ¢

R

il dN

|Accelerated expansion in terms of slow roll parameter

‘ ai= it itel =il

de Sitter Limit wy —> — 1, € — 0.

pH Oa () 5
T 0 T Te v i

Definition of second slow roll P&rame&er 7. qb ts small enough to

suskainn acceleraked expansion

lttids

h| < {3Hep,0,V) . i
¢ | < {3H¢p,d,V} ey




Potential slow roll parameters
Using Friedmann equations, slow roll parameters can also be seen as

conditions on the shape of the potential

2 2 |
Mpl V¢ M21 g UL
2 v ’ Ny = FIEREIISRE b P 87TG

Relations between bobth set of parameters £ X €y, n="ny—¢€y.

EXFQM@.&\EL&L Q)&F}'&MSE,(}M

! 17 3G a
* ¢z——¢, szLV(gb)zconst.—>—=H—>a¢:ﬁaoeH.
3H 3 a

End of inflation and number of e-folds

< it ) lend Pend d¢
shaiey (R =t N ()= — [ Hdn= J H—
a t ) ¢

J»gb dep Enough inflation to

solve IC probtems

\/ 2€ 1% i
I i | o
Ustart
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Makter per%urba&ioms and mekric Fvar&urba&oms

The Einstein equations couple matter pm&urba&iems to Ehe wekbric
par&urba&oms

e
O@iszoll i 02l im0

/
P(x, 1) = ¢°(1) + Sp(x, 1)




Cosmological Perturbations
We can study perturbations around a homogeneous background:

Cb(xa t) — ¢(t) + 5¢(X7 t)7 g,uu(Xa t) — g,uu(t) =+ 5g,uu(t)
ds? = —(1 4+ 2®)dt* + 2aB; dx'dt + a* [(1 — 2W)d;; + E;i] dx'dx!

Scalar, vector, tensor decomposition:
o Bi=0;B-S;, 0'S;=0
Q E,-j — 28,-J-E + 28(,/‘3) + h,'j, 8iF; =0, 5’ihU — 0.

Coordinate transformation: t — t + «, x' = x' + 5’75]’- Scalar metric
and matter transformations:

d->d—aG, B—o>B+ala-—ag

E—>E—f3 V- V+Ha
op —»0p — pa, p—0p— pa




Gauge invariant variables

Gauge invariant variables.

Curvature perturbation on uniform-density hypersurfaces

H H
P

¢

Comoving curvature perturbation:

H H
R=V—-—>Gg~V+ —dip (Slow-roll)
ptp 0

(=R

for slow-roll and on super horizon scales kK < aH.
We can calculate statistical properties in the form of correlation functions
(power spectrum, bispectrum, etc.) of these gauge variables!




Correlation Functions. Statistical Properties of

Cosmological Perturbations.

Power spectrum.

< RiRy >= (2m)°6(k + k') Pr(k),

dInA%2
dink ’

ns —1= Qs

=

Power law spectrum

ns(ks)—14Z s (ke ) In(k/ ks )+
5 k




Inflationary p perturbations

Scalar Perturbatlons

Scalar action.
1 1
5= [ dtxv=g | 3R~ 5(VoF - V(&)

Expanding up to 2nd order in R, (this is a long exercise of integration by
parts) we get:

S _ ! d*x a3¢—2 — a ?(0iR)?
(2nd order) — 5 H2 i

Mukhanov action

Defining v = zZR, z = a’ ,(322 — 2a3%¢c and we get the action:
1 3 1\2 2 z"
525 dr d’x |(v' )+ (Ojv)" + —

Z




SN el gl-j(dxi + Nidt)(dxj - det) N — lapse, N'— shift.

,u
Jd“x,/* ( NRY) — 2NV + N (E.EY — E)+ / / i/

+N" (¢ — ') — NgTo,o ¢p - 2v) |

/

| .
*Eij : T / / /

Exkrinsic curvature
of a section

IN“L(E: — & —
VilN (EJ 5JE)] O.’. . Hamiltonian
R®) —ov — N_Q(EijEw — EQ) — W cownskraints

e

‘
i




First order solution of the constraint equations

Ni=vY,;+ Nz ,  Where




Inflationary perturbations
PS of Scalar Perturbations.

We can go to Fourier space:

d3x
v(T,x) = / (2r)3 Vi (T

so, the e.o.m becomes:

//

In de Sitter space & =

Solution and PS.

v, + k2—E vie = 0 ﬁv—e_ikT l—i
The PS of the variable » = a=1v is:

|Vk§T)2’ = (2m)*3(k + K) 73 da 5 (L+ K27?)

< Yp b >= (2m)35(k + k')




PS of R.
R = %w at the time of horizon crossing a(t.)H(t.) = k:

H? H?

< Rk Rp >= (21)°6(k + k') 5 5=, AR(k) = Ty

For slow-roll inflation:

1 V 1

2
As(k) = 2472 M2, €}

ns — 1 =2n, — b¢,.

Nearly scale invariant spectrum!
We can do the same for tensor perturbations and obtain:

Additionally, r = 22




Planclk 201¥% resulks ﬂfc:«r r and wn;
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. Inflation is a theoretical proposal that solves several
problems of the wnusual properties of the early universe
. Inflationary perturbations can be calculated at Linear

regime for super horizon scales Limit and its result gives us

information about the stakistical distribution of observed
temperature fluctuations ot the CMB.

. There are several approaches and techiiques to evaluate the
evolution of cosmological Pﬁl‘&u‘l’b&&c}&\&

4. Cosmological perturbation theory is also used at different

scales from those nvolved i inflakion, for instance ak

large scales during cold dark matter dominated epoch.




