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4.1

Controllability of nearly identical systems. Consider two first-order systems with
relaxation rates 4; = 1 and A, = 2 that are driven by identical inputs (Eq. 4.7).
Find an input u(f) that takes the system from an initial state x, = (J) to a final
state x; = (}), for 7 = 1. Plot your solution. Hint: Try a step function with two
parameters.

Solution.
We need to find a solution x;(1) = x,(1) for

X1 _ -4 0 X1 1 X =-Aix1+u
(x'z) _( 0 -/12) (xz)+(1)u(t) = n =-hm+u

with initial state (+ = 0) and final states (r = 1) given by

o [m@) _ (0 (@) (1
"~ \x»©)  \o)’ ORI A

There are an infinite number of ways to do this. A basic requirement is that
there be two free parameters, since we are trying to fix two conditions (x; = x;
at 7 = 1). One simple route is to use piecewise constant u(¢) functions. Let us try
the simple form

-up 0<t<7g
u(t) =
+ug To<t<l

We can explicitly integrate the x; and x, equations (they are the same, substitut-
ing 2 for 1, etc.) Denoting x; , by x(¢) and A, ; by 4, we get

. {% (1 —e"") 0<t<Ty

2 (1 - e"’“‘)) e~ AT (1 — gm0y p <t < 1.

After a certain amount of playing around, I found the solution illustrated at
right, where uy = 3.8 and 79 = 0.405 works for 4; = 1 and 1, = 2. Again,
we emphasize that we use the same u(¢) for both x;(f) and x,(¢). It is possible
to find explicit algebraic solutions for uy and 7 in terms of 4, ,, etc., but the
main point here is to understand intuitively how a solution works and why it

T
0.0 0.5 1.0
time (t)
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