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· Overall reference
· Cambridge Uni .

Press
2021

· www . sturca/chaos

-> book
.UP

+ exercises
,
solid

+ Math Appendix

· Any sufficiently odvanced technology is

M

indistinguishable from magic .

"

- Arther C .
Cake

,
1973

·

dynamics with a purpose
- profound implications

-
- not just noth ! (a way of thinking)

12

·

purpose : - melligent design"
-

evolution

(biology , technological)
⑧

- control is "the hidden tech rology"(Kol Astron 1999)
E

- engineered system es "robust yet fragile "Ifahr Dagle)
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Application
· Technology Ey better experints for physicists

1 control 7· Phys 50 0

-

I

can change physical dynamics
Islabilize unstable state/Paul Trap 7
· fundamentals of thems .

& -

quantum systems
↳

control of complex networks

· Biology 4 ·large scale (physiology)
· small scale /genetic regulation
· single-rol . Witol
· evolutions time scals (pop - Label

Goals of control

-

· Regulation mere

pleasee· Tracking u
Om fraus

--
8 State - state transitions ⑧

- - I⑧ collecture molies or -
>

synchronization , swarning ,..
-

⑧

⑧
⑦ J ->

⑧ stabilization, virtual potentials + forces , charge attracter, ...

~
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Types of control
u(x) W

W

⑧ passive
:

energy landscape ·ech- U(X)
-

V(X) - p(X) ~ &
255

↑ ↳ choose U(X) to get desired p(x)
I in U = W(X

,
x) -> P(X ,

x) for fixed parareter x

· active: alter p(xT by going out of eg .

↳
no sensors so open loop or feedforward

↳

↳ v(x
, x(t)) - p(x ,x(t)) 1 (5) = -"control par

sensore 50 extra cost to monitor

I

close - loop ow ↳feedback
w(X ,

x(x ,
x) - p(x

,
xx

,x))

· Gadgets (flash toilet , governou ... ( Types

· Natural sys Ilinate feedbacks ... )
- >

Analogue W S

~am
↳! control circuit

I

I -- ↳
sys . I- 8

-

sensor

&

compute
-

0 control * I
-D

Digital *
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The Systems Point of View nonlines

↳ din .

O control : dynamical system x = f(x)
S

↳ eIR
*

I spects and output
↳

y

- nContal X internal state abstract
-

y
- 8 X ->O

mputs what we do in int
. state out

system -o
·

y
-o outputs what we see

S()
,
92 . 1 - nonlinear functions (usually smooth)

& = x = f(x , ) y
= h(x , u)arh(x)

dynamics roulinear measurements

fireou system
⑧ W

easy ,
wh general methods

6

· near fixed point (static) **
- ~· near tragedory (time dependent) ~

Nea fixed point x = f(x ,n)y = h(x , 4)

f (Xo ,
20) = 0 h/x0

, u0) ~ yo
X = Xo + X , (t) u= no + h . (t) y = yo + y , () 3x

,
u ., y .3 small
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Taylor : Y = fNo+X
, noturl=sNn + on +lin w

yoxy) = h/o+x
, hoth)

= hwo) + xxan + also

A =B= C =D =8 all at (Xo ,W

& x = Ax+ Br
, y

= Cx+Dw

dynamics imput coupling
b I M

n = = -y + 3

of make
king in-O

~in si

Nice
↓

f

output coupling -OC D
-

pI4 =4+
(i) = m(n) pl -M

~=

Ex : Pendulum + sig = =(t)
&

I Textural)
- scaled (in) time by wo=S/ de .

-

I

⑦

9 The state x = (8) Input v =
=

staqual
-- output y

= ⑧ Langle)

- - - ( Y ) = (- eix ,
+ m

= f(x
, n)

x2
= 0

,
six ,

= 0
,

u = 0
&

fixed points : f(x * ) = 0 -> (0 = 0
,

0 = (0 , Tr3)

A B
e D

i (i)=(_:)(i) (i) u

y = (10)
*

+ O
X2
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I requency-domain analysis /Laplace transform
I

Transfer functions dynamical response)
r(s) G(s)y(s) o(s) = s y(s)=

d . ye-
st

o - ->0
↳

14 out

⑳ intentive approach for linea ,
time invanast (LT5) systems

· leads to proportional -integral-derivative (P5D) anbal
n(t) = kpe(t) + ki)die)- + kde(t)

P 5
- D E

e
I

present past future

--· Developed (modly I in US 1920-1960 (Bell Jab)
-

Nyquist , Bode ,
etr .

· what experimentalists and engineers use ...

Time-domain Control
in

out

Ball ! state vector X(t) x = f(x ,n)y= hxx
, n)

- = Ax+ Bu
, y

= Cx+ Dw A = dafIxo
,
no ,

B=
...

Why study the time dowain ?

① easily handle multiple inputs · multiple outputs ("MIMO")
⑳ fardle noise in a natural way
⑬ leads to more sophisticated view of dymaries ,

control

④ generalize to time
verying and ronlinear called

>
initial condition

x= Ax +Bu X(t) = eB +
x0) + debt-t bult)

To matis exponential e*
*

= I+ At+A -
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Time-domain response

· Impulse response n= f(t) -

y(s) = G(s)w(s) =

y
= Gxu = Gag = G(t)

= G(t) : impulse response function [Geen function in

states : ximp() = 0 +
.

)diex** BS(t) = ent
Plagies]

· Step response u(t) = 0/A

u(t) e -

let order : & impulse - step

u2order : -i werden ----
- crit =
- over

-Conballability and observability
Two "technical" questions :

1) Given imput (s) ult)
,

can you "control"
all elements ofx? ~ controllability

2) Given observation (s) y() ,
can you "infer"

all elements t?
-

Observability

5 controllability · x(t)-

⑳ fregin wi SISO case /Scalar
, Y ; xeMY)

Controllable solution : Jult) makes sys
evolve from A-

X (07 = Xo -> X(i) = Xi in finite time I
⑧ X(0)

·



.
9

Controllable set : set of all te that can be reached

from Do in time I

Contillable system ? For
any Yo

,
can reach any

Xie IR"

Pfor some I and ult Du : XoWXi

Ex1 : x = - x + u(t) yo !
e * -I

"Inverse engineering x&(t) = desired traj

u(t) = xA(t) + xd(t) <not verally
3
pass !

--
-

y apTrajectory Ad tracked perfectly (asking more)
U -

Ex2 : (i) = ( -3)(Yi) + (i) -

X-I is completely unaffected by with
↳ [iz-bx , tu

I

x=
= - x2X2

-> No!

--

Ex 3 : L same imput to two Nobun
⑮- elerted ye

ex4 : ( %i) = ( -5)(ii) + (i) use > ① ?
*

yes
!

See next
page.

--

a-- * for XiFR2
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Test for Controllability "The ecips"

1) Define controllability matin WC= (B AB AB ... A )
SISO - B a column nati-> We is non

2) Wa invertible (detWito) - 3A , B3 controllable

9x2 : A= -- - ) B= (3)
,

AB= (8) => Wil") det = 0 = No

&x4 : A = ( x -x2) B= (i) AB= (ii) Wa= (ii)
Odet Wa=Xi-xz => controllable if D , *Dz

Why it works

1) Can set XO=0 /My defining xi - xi - ex* Xo)

2) Cayley - Hamilton : Vatix A obeys its nith , order

--characteristic equation
Al can be re-expressed as O(n-1) polynomie- /

n-1

=> e*
= Edi(t) As

3) impulse response Ximp I e
*

=

*

- xj(t) As

controllability -> impale response spans RYy
=> let of n rectors B , AB

,
AB

,
...
A"B

-

are all linely independent => detW20



I

4) in

gert (B A As ... ) of dx x0(t- )u(t)
·

S
*
dtx , (t- t)u()

- W
-

- 0

·
⑳

5) mimo : As is a mation
S

W
a vector

We needs to lave varle = U "full
rank"

Notes

I conbollability> i- Ex presented trajectory
-

2 recall nurse erung
u = xd+ Ad

·

ergen2) Reach Xi at I hold xn for > =

3) might be good enough to control only are states
-

or ↳ control in e region only
Control- I4) wayedines can be roulocal C
·onlinear

-
input satiates5) i - - (14) = Umax)

- reachable set



12

j6) Nonlinearity -> no general formular

- weak roolin -> follows linearization.

-

geonetical

formulation Hir brackets)

-7) Condition of W2

- mini er
· and=> hard to dec

-

control for n < /

8) control Gramian :

Xip (1)
=

2
Al

B

p(t) = /imp><xip) = of
↓

de eA* BBT eA

controllabity to P( invertible
; eigfillablis

9) structural controllability "sa" (in
, 1974)

structure SA ,
B3 to set of ze elements

S - = In,
B's wi stret (A , B) that is controllable

-o controllable for almost all parameters

10) Inverse problem
: Given A

, find B so SA , B3 controll
.

-
- need to by 2" combos of B for xeIR

n

- YY Lin+ A:L . Barabasi 2011 -150 network

-> graph, they techniques - poly · Time
...
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D

# . Observability and Duality
&

controllability : mpet ~ "coupled" to entire state re . X

2 &

observability : output y
n ,

-
sys I

No !

· to control read to set with over internal u20 SYS
- y

to observer ,
need to measure y(t) aver interval swap u's

,
same y

C

-test : Wo = E nt
f

-

p60/ C D
> -

full rank ann- E
n -M

↑
· an devine directly ,

but here duality
We = (B AB DiB ... ""B) is same as Wo if As Bod-

adjoint operator (int , by parts)
I

e minus sign
Notice ! x =

- Ax + c
+ n

y
= BTx on Aon doesn't

affect
hos Wa= /25 T ACT ... ) = Wor

rank Wa

u(t) : offects state x(t) at future times

y(t)
:

deleinis X(6) based on post obs
.

"We can know the past but not control it i L

we can control the future but do not know it a

~ Shannon
,

1959
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Part 2 : Observers
,

controller design
Control based on the state

Divide control into two problems
-

1) gwen x()
:
choose u[x] 3u(x14]2) estimate X (*) from past observations y1*

Claim :

If 3A
, BY is controllable

,
then the closed-loop dyn .

based on u =

- kX 25 = (A- Bx)x = AX]
will have i eigenvales spoles that can be chosen freely
using the a gains in now restock [S1SO case !)

0 I
2 ·- :8

skatch of proof : A = I " I -(i)L 2) oo ... I

Controller caronical form -

an -am...
- I

-1 = x2
,
X2 = x3 , . . . ,

Xn =- anXI -anriX2- ... aix, +

Set m= - Kx =
- Cert ... ke) B1 : / ...)

010 .. -

A = I .... I a: a: -ku-iti
- andks -amhe I

Thes we see that the dynamic of Bone set K
↳ art .

"

!egs
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Full-state Control

Ex : Damped harmonic oss .
(Yn) = (-9-ns)(ii) + (i) m

m
=

- (a-hi)(ii) = - mix ,
- hex-

PD

BK = (i) (mar) = (a) a = 1- Bx = (i- =-2)- a)
eigs

: (SI-A')= (ina , jizs+az) = "+(2) + an)s + (1+2) = 0

Roose hi
, he to put eigs anywhere

eg closed-loop pole at s : (-2 , -2)

(S+ 2 = 5+ 45 + 4 =) kz= 4-2) ki = 3

or s = (- a
,
- a) => hi = ai-1k2= 2(a-5)

Notice how gains increase with a How far poles are moved

· In general : use control software to find gain K
* -

gen SA ,
B

,
desired pole paschors 3

· i poles is a lot of choice!

1) high gain inject roise (and a

may
be too fig)

2) instable system -> must mover RHP poles & LAP

So : Move es alllefro poles as possible as as possible
- -mS↳ stabilize

, get we ligh enough

I res
↓

↓-
-under es J ... ) "sloda"
I

: domitant
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Output contral

- if 3A , is observable
,
them y(t = (0) - x(t)

- raine differentiation too roisy

Observer y - Y - u(x) "synchronize"
Naive obs . *

= Ax+ Bu 2 = x-Y (estimation en
Y = Ax +Bu assume we know A

,
B !

subtract > i = e inputs carcel !

No good & i) if A is metable
,

ex

ii) need -0 faster than A dynamics

Obseren feedback on deviations betw
.

observations Y
--

=

x = Ax+Bu y
= CX

and productors y
Y

y = Ax + Bu + L(y - xx) => i = (A-4) e
y

↳= obsenen gains < A = A-L2 ob . poles .

Ex : Harmonic ose . A = ( -id)c= x0

( = (2) 2= (ed) n= A-2 = (d)
eigs to st list (ezti) = 0

eg E I
=o = (B)3 = - 2 - 2) ·2 a bit slow ...
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Obseren - controller u= - kY + krr

x = Ax + B( - kX + krr)
, y

= CX

x = Ax + B(-xx +kr) + 2(y - xx)
i = Ae - ke = (A- (C) e

· (c)(2) + (e)r
X = X- e

(2) = (A
- B13

-

Mis block triangular -> eigs given by
det (s#-y+ BK) det (sI-A +(2) = 0

-> Separation principle (design , sept
- only fur bin
· sys

· design separately feedback (k) + observe (1)
-

· ver state estinate x fa feedback


