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Complex systems exhibit different types of scaling, such as time fluctuation
scaling, characterized by the fact that the dispersion of data in a non-
stationary time series (quantified by the variance) satisfies a power-law
relationship with respect to the mean of the time series, or time Theil
scaling, in which the dispersion of data in a diffusive trajectory time series
(quantified by the Theil index) satisfies a power-law relationship with respect
to the mean of the data through an expression that bears some
resemblance to that found in second-order phase transitions.

The main goal of this talk is to show the existence in nature of a new scaling
relationship, in which the temperature of complex systems, defined as the
first absolute central moment, is related by a power law with respect to the
mean of the dtime series. This power-law relation between the temperature
and the mean, which we have called time temperature scaling, is present
in financial, economic, epidemic, seismics systems and other kind of
systems.
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1. Time fluctuation scaling and time Theil scaling

1.1 Ensamble fluctuation scaling (Taylor law)

L. R. Taylor (1961) discovered this law in ontomological populations where
individuals are randomly distributed [1]

x-axis: Logarithm of mean (m). y-axis: Logarithm of variance (s^2). Figure and table taken of [1].

[1] L. R. Taylor, “Aggregation, variance and the mean”, Nature 189 (1961) 1-28.
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1.2 Time fluctuation scaling
Variance and mean satisfies a power-law relation of the form

This property is present in non-stationary time series, for example, in systems of

Ecology [2] J. W. Kirchner, X. Feng and C, Neal, “Fractal stream chemistry and its
implication for contaminant transport in catchments”, Nature 403 (2000) 524-527; M.
Tokeshi, “On the mathematical basis of the variance-mean power relationship”,
Researches on Population Ecology37 (1995) 43-48.

Neurosciences [3] K. Linkenkaer-Hansen, V. V. Nikouline, J. M. Palvas and R. J. Ilmoniemi,
“Long-range temporal correlations and scaling behavior in human brain oscillations”, The
Journal of Neuroscience 21 (2001) 1370-1377.

Turbulence and percolation [4] G.Paladin and A. Vulpiani, “Anomalous scaling laws in
multifractal objects”, Physics Reports 156 (1987) 147-225.

Website visits, river networks and highway traffic [5] M. Argollo de Menezes and A. L.
Barabási, “Fluctuations in network dynamics”, Physical Review Letters 92 (2004) 028701.

Financial markets [6] P. Gopiksishnan, V. Plerou, L. A, Nunes Amaral, M. Meyer and H. E.
Stanley, “Scaling of the distribution of fluctuations of financial market indices”, Physical
Review E 60 (1999) 5305-5316.
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1.2 Time fluctuation scaling
Path integral formalism can be used to describe evolution of mean [7,8]

[7] F. S. Abril and C. J. Quimbay, “Temporal fluctuation scaling in non-stationary time series using the path 
integral formalism”, Physics Review E 103 (2021) 042126.
[8] F. S. Abril and C. J. Quimbay, “Evolution of the temporal fluctuation scaling exponent in non-stationary time 
series using supersymmetric theory of stochastic dynamics”, Physics Review E 109 (2024) 024112.

Figure taken of [8].
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1.2 Time fluctuation scaling
Path integral formalism can be used to describe evolution of variance [7,8]

[7] F. S. Abril and C. J. Quimbay, “Temporal fluctuation scaling in non-stationary time series using the path 
integral formalism”, Physics Review E 103 (2021) 042126.
[8] F. S. Abril and C. J. Quimbay, “Evolution of the temporal fluctuation scaling exponent in non-stationary time 
series using supersymmetric theory of stochastic dynamics”, Physics Review E 109 (2024) 024112.

Figure taken of [8].
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1.2 Time fluctuation scaling
Path integral formalism can be used to describe evolution of the exponent of the

power-law relation [7,8]

[7] F. S. Abril and C. J. Quimbay, “Temporal fluctuation scaling in non-stationary time series using the path 
integral formalism”, Physics Review E 103 (2021) 042126.
[8] F. S. Abril and C. J. Quimbay, “Evolution of the temporal fluctuation scaling exponent in non-stationary time 
series using supersymmetric theory of stochastic dynamics”, Physics Review E 109 (2024) 024112.

Figure taken of [8].
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1.3 Time Theil scaling
Theil index (T) is defined as

where is the value of the diffusive trajectory time series at time t,

is the mean of the diffusive trajectory time series at time t and

is the total data number of diffusive trajectory at time t.

The diffusive trajectory time series is obtained from the original time series applying
the diffusion algorithm [9]

with . The last expression defines in each time step a subseries
of data in such a way that for corresponds to the original time series, for

corresponds to the subseries obtained by the sum of two successive terms
of the original time series, and for the subseries now has only one data
point which corresponds to the sum of the N data of the original time series.

[9] N. Scafetta and P. Grigolini, “Scaling dectection in time series: Diffusion entropy analysis”, Physics
Review E 66 (2002) 036130.
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1.3 Time Theil scaling
We find that diffusive trajectory time series doesn’t present the property of time

fluctuation scaling, implying that relationship of power law of the form

is not satisfied.

However, we find for 48 diffusive trajectories time series, there exists a power-law
relation of the form [10]

where and is the maximum value of the Theil
index throughout the different time steps taken which corresponds to the first
time step (t=1), is the TTS constant and is the TTS exponent. We call
this power-law relation involving T as temporal Theil scaling (TTS).

[10] F. S. Abril and C. J. Quimbay, “Temporal Theil scaling in diffusive trajectory time series”, Physics
Review E 106 (2022) 014117.
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1.3 Time Theil scaling

Figures taken of [10] F. S. Abril and C. J. Quimbay, “Temporal Theil scaling in diffusive trajectory time
series”, Physics Review E 106 (2022) 014117.
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1.3 Time Theil scaling

Figures taken of [10] F. S. Abril and C. J. Quimbay, “Temporal Theil scaling in diffusive trajectory time
series”, Physics Review E 106 (2022) 014117.
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1.3 Time Theil scaling

Table taken of [10] F. S. Abril and C. J. Quimbay, “Temporal Theil scaling in diffusive trajectory time
series”, Physics Review E 106 (2022) 014117.
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1.3 Time Theil scaling

Table taken of [10] F. S. Abril and C. J. Quimbay, “Temporal Theil scaling in diffusive trajectory time
series”, Physics Review E 106 (2022) 014117.
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SP500 index (1/4/2006 – 3/10/2022) =4073 data - Mobile window of 3725 data 
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Nasdaq index (1/4/2006– 3/9/2022) =4073 data - Mobile window of 3725 data 
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DAX40 index (2/13/2006– 3/9/2022) =4073 data - Mobile window of 3725 data 
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Gross domestic product per capita of 110 countries (1960-2024) = 65 years
Mobile window of 20 years
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Daily COVID-19 infection cases in the world for 189 countries (2020/03/01 
– 2021-03-30) =  395 days –Mobile window of 80 days 
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Daily COVID-19 infection cases in the world for 189 countries (2020/03/01 
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Daily COVID-19 deaths in the world for 189 countries (2023/03/01 – 2021-
03-30) =  395 days –Mobile window of 80 days 
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Magnitud of earthquakes in Colombia (2024/01/01 – 2024-04-22) =  
10008  earthquakes – Mobile window of 8968 data 
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Deep of earthquakes in Colombia (2024/01/01 – 2024-04-22) =  10006  
earthquakes – Mobile window of 9025 data 
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