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Coulomb gas as a physical model
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Thermal bath and role of 3
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® The effective inverse temperature:
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Thermal bath and role of 3

( N )

o o —* ® The effective inverse temperature:

~ _ %
e I\X e \/ B_KBT.

qk e * Large (: interaction-dominated, strong correlations.
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Thermal bath and role of 3

( N )

o o —* ® The effective inverse temperature:
2
oo N p= 0.
S e e KT
qk e * Large (: interaction-dominated, strong correlations.

y 6 ( d. ) f - * Small 3: noise-dominated, weaker correlations.
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Thermal bath and role of 3

( N )

o o ® The effective inverse temperature:
2
Voo _ %
N p
' —
qk e * Large (: interaction-dominated, strong correlations.

o ( djk) f - * Small 3: noise-dominated, weaker correlations.

q; - ® In equilibrium, the stationary distribution reads
.\ X —
1 ‘\ T‘ f Peq(rl,...,rN;ﬁ)OCB BWN(rl’”‘,rN)v
\ \l j / : Wy (r1, ..., ry): total Energy of the system.
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Stochastic dynamics
Langevin, Fokker-Planck and Schrédinger representations

Stochastic Langevin equation:

0= —fvik — VilWn + mi(t) (1)
White noise:
(me(8)) =0,  (m(mp () = 2kpTfor 6 (t — ') .
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Stochastic dynamics
Langevin, Fokker-Planck and Schrédinger representations

Stochastic Langevin equation: Fokker-Planck equation:

0= —fvi — VilWn + mi(t) (1)
(N)
White noise: 8t kzg 87( (8kWN + ﬂak> (2)

(m(1)) =0, (me(t)ymw (') = 2kpTf o 5(t — 1) .
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Stochastic dynamics
Langevin, Fokker-Planck and Schrédinger representations

Stochastic Langevin equation: Fokker-Planck equation:
0= —fvi — VilWn + m(t) 1) o
White noise: 8t kzg 87( (8]( Wi + ﬂak> (2)

(m(1)) =0, (me(t)ymw (') = 2kpTf o 5(t — 1) .

With POV r,...,IN;t) = e 2PN g () ry,...,rN;t), the Autoadjoint Schrédinger equation:
8 8 ) ger eq

N
oY = Y- (~Famn+ jopwy ) i+ 3 Zaz @
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Dyson Coulomb gas model
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= 2: The N free-Fermion problem

Associated Schrodinger equation:

0-v3(0,7) = |Eo(N, ) + Hine(6, N, ) + = Zak vV, 7),
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= 2: The N free-Fermion problem

Associated Schrodinger equation:

o-v(0,7) = [EO(N B) + Hint(6,N, B) + — Zak vV, 7),

Eo(N, B) = %N(N -1 <1 + %(N - 2))
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= 2: The N free-Fermion problem

Associated Schrodinger equation:

8qugN)(0,T) = {EO(N B) + Hine(6,N, B) + = Zak (N) 0.7),

BN.5) = NV -1 (14 20v=2)) . Hi(o.N) = ¢ (1-5) 53 cor? (23%).-
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7

$ = 2: The N free-Fermion problem

Associated Schrodinger equation:

N
0,5 (0,7) = {EO(N, B) + Hin(6,N, 8) + % S
k=1

Eo(N, ) = SN(N 1) (1 + 2w - 2)) L Hn(ONB) = (1 - g)

Thus, our target equation with 8 = 2 will be:

N
vV (e,

N

T)7

Z Z cot?

<9k — O
k=1 k' £k=1 2

N (g A o) I I SN R
0, v, (0.7;) = 8, 4N (0, 7) [24N(N 1)+
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Using the anzast (V) (0, 7) = e=E7 &™) (9):

N

1 1 _ .
En,.., "W T 5 an - ﬁN(N2 -1) = \II(N)(O’T) = W Z Cry,.eos nN€ By |¢<N)(9)‘ )

where
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Using the anzast (V) (0, 7) = e=E7 &™) (9):

N

1 1 _ -
Enpoy = 5 D1 = NN = 1) = ¥M(0,1) = o= 37 Gy e P T@M0)] | ()

|
k=1 N! ny,...,NN

where

SN (8) = [fn (0 ) ke zys1<k <N
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Using the anzast (V) (0, 7) = e=E7 &™) (9):

N

1 1 _ -
Enpoy = 5 D1 = NN = 1) = ¥M(0,1) = o= 37 Gy e P T@M0)] | ()

|
k=1 N! ny,...,NN

where

1 .
dMN(0) = [pu (O ) kezya<r<n,  bn () = Wors B

T
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Using the anzast (V) (0, 7) = e=E7 &™) (9):

N

1 1 _ -
Enpoy = 5 D1 = NN = 1) = ¥M(0,1) = o= 37 Gy e P T@M0)] | ()

|
k=1 N! ny,...,NN

where

1 .
OMN(0) = [ (0 )kezy 1<k <N » on(O) = —=¢ O Cy oy = (@M (0)[ TN (0,0)) .

T
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Using the anzast (V) (0, 7) = e=E7 &™) (9):

N

1 1 _ -
Enpoy = 5 D1 = NN = 1) = ¥M(0,1) = o= 37 Gy e P T@M0)] | ()

|
k=1 N! ny,...,NN

where

1 .
OMN(0) = [ (0 )kezy 1<k <N » on(O) = —=¢ O Cy oy = (@M (0)[ TN (0,0)) .

27

Finally, for the Fokker-Planck equation:

1 — T
P<N><o,f>=WQN(e) ST Cupnge T[N (@) ©)

n,...,1N
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Using the anzast (V) (0, 7) = e=E7 &™) (9):

N

1 1 1 —E |6 (N
Ey, ==Y = NN —-1) - ¥, 7)= — Y Cy e T [0MN(0))] (5)
k=1 24 N! Ny ... IN

where

1 .
OMN(0) = [ (0 )kezy 1<k <N » on(O) = —=¢ O Cy oy = (@M (0)[ TN (0,0)) .

27

Finally, for the Fokker-Planck equation:

1
PN (0,7) = —=Qn(0) Conproeoge” o716 M) (9) ©)
N "bZ;nN '
The Boltzmann factor:
N-1 N
N(N— — 0.
eV = On(8) = 24< =1 H sin (%) , @)
k=1 k' =k+1




Initial SetUp
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Initial SetUp

® Individual intervals:
I — 2rk 5w 2wk 3w
*“I'N 2NN 2N
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Initial SetUp

® Individual intervals:

Lo [2mhsmoamk sl
N 2N N 2N

® Individual probability to place a single par-
ticle in an interval:

N .
—, if 0 €1 y
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Initial SetUp

® Individual intervals:

Lo [2mhsmoamk sl
N 2N N 2N

® Individual probability to place a single par-
ticle in an interval:

N .
—, if 0 €1 y

® Joint probability for all particles:

PM (o = Z H Po iy () | (9)

j=1k'=1
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Initial SetUp

PEM(S)
N m=1 m=2 m=3 m=N-1
. \ / . } — S
0 = 2m 3m dm 5m bm Im (2N-3)r 2(N-)7 (2N-D= 2
N N 2N N N N N N N N
(S =, () = TEONZDEa oy 2NV
0 ' 12N2 ’ 0 6N2

where 63(N) = (§%), —
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Ground state and stationary probability density

k-indexes
-1 0 1 2 3 N—2 N—-1 N |N+1 N+2
-0 O | @ (0] ®@ --- @ o @ @) O:.--
ni n2 n3 NN—2 NN-1 nN
ny-levels
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Ground state and stationary probability density

k-indexes
-1 0 1 2 3 N—-2 N-1 N | N+1 N+2
«+ -0 O | @ (0] ®@ --- @ o @ @) O:.--
ni no ns3 nN—2 NN_1 nN
ny-levels
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Ground state and stationary probability density

k-indexes
-1 0 1 2 3 N—-2 N-1 N | N+1 N+2
«+ -0 O | @ (0] ®@ --- @ o @ @) O:.--
ni no ns3 nN—2 NN_1 nN
ny-levels

* m=m+k-1,keI{={1,2... N}, nm=-"-
® Fcs =0.
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Ground state and stationary probability density

k-indexes
-1 0 1 2 3 N—2 N—-1 N | N+1 N+2
«+ -0 O | @ (0] ®@ --- @ o @ @) O:.--
ni n2 n3 NN—2 NN-1 nN
ny-levels

® me=m+k—1keI{ ={1,2,... N}, n = N~
® Fcs =0.

® Vandermonde determinant for spatial wave functions:

N N(N 1)
N g 1 e, _ 1 —in 0, | ,—i(k—1)6;
20 0)] = | e - emou e Do = LT o), (0)
V2r 1<kk<n  (V2m)N ,}_:[1 T (V )N

n Mateus, Gabriel Téllez | Dynamics on Log-Coulomb Gases O T



Ground state and stationary probability density

k-indexes
-1 0 1 2 3 N—2 N—-1 N | N+1 N+2
-0 O | @ (0] ®@ --- @ o @ @) O:.--
ni n2 n3 NN—2 NN-1 nN
ny-levels

® me=m+k—1keI{ ={1,2,... N}, n = N~
® Fcs =0.

® Vandermonde determinant for spatial wave functions:

N N(N 1)
1 . 1 . . ’
285 (0)] = \——6 = e MO e D] oy = ———Qn(0),  (10)
Var 1<k <y (V2N kg - (V mN
® Probability density function for ground state:
PEd(0) = ,\@22”)( 0)|25 (6) = |/<:<ek,ek/)|. S
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Ground state and stationary 2-point correlation distribution

® 2-point correlation distribution:

N
R(Gs)(91,92) = |K(61,62)|® .
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Ground state and stationary 2-point correlation distribution

® 2-point correlation distribution:
REL (01, 60) = |KC(61,602)| @) .
® Using S = 60, — 61:

N) gy _ 1 »  sin® (N5/2)
$6s )= oy —n [V T S 52)
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Ground state and stationary 2-point correlation distribution

RIE)
_ % - § ® 2-point correlation distribution:
— N =14
R(Gl\s])wl’@Z) = [K(61,0,)|? .
® Using S = 60, — 61:
N 1 sin? (NS/2)
s () = g [N - T2
27N(N — 1) sin” (S5/2)
s
0 S 27
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Ground state and stationary 2-point correlation distribution

RIE)
_ % - § ® 2-point correlation distribution:
— N =14
RES (01,02) = 1K(61,6,)| @ .
® Using S = 60, — 61:
N 1 sin? (NS/2)
6 = ok [ SO
27N(N — 1) sin” (S5/2)
s
0 S 27
® Important fact: Matrix kernel
. (N(6—6y)
N N
. 1 i (60— 1 sin 5 N
Ky = Zd)] ()9 (6 ) = by Zeln](ek O) = 27r(9k—9k/) , Kg = [ (12)
j=1 j=1 sin (‘ 2 )
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Nonequilibrium dynamics
1st excited state

Target:

1

PO, 7) = 1o 37 by T2l 0)0 M o), (13)
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Nonequilibrium dynamics
1st excited state

Target:
1
N — P —Eny,...onyT T(N) N
PM©,7) = 1 Zc ..... e T e (9)e M (0)], (13)
. dT(N) (g
Gy = dNong(e)% . (14)
[0,27 ]V loldY (o)
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Nonequilibrium dynamics
1st excited state

Target:
1
N — P —Eny,...onyT T(N) N
PM©,7) = 1 Zc ..... e T e (9)e M (0)], (13)
. dT(N) (g
Gy = dNong(e)% . (14)
[0,27 ]V loldY (o)

Problem: Configuration of energy levels, {n }n, compatible with fixed energy value E.
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Nonequilibrium dynamics
1st excited state

Target:
1
N — P —Eny,...onyT T(N) N
PM©,7) = 1 Zc ..... e T e (9)e M (0)], (13)
. dT(N) (g
Gy = dNong(e)% . (14)
[0,27 ]V loldY (o)

Problem: Configuration of energy levels, {n }n, compatible with fixed energy value E.

1st Excited state: E15; = %
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Nonequilibrium dynamics

1st excited state

Target:
1 R _
PVO,7) = 2= D0 nye T [0l (0)9M(0)], (13)
n,...,AN
. TN (g
By, = dNong(e)% . (14)
0,27V 12{ M (0)]

Problem: Configuration of energy levels, {n }n, compatible with fixed energy value E.

1st Excited state: E15; = %

k-indexes k-indexes

ng-levels

(r) All particles move one step to the left.

k-indexes k-indexes
O = -1 o 1 N [F+1 N+2
© o[£ ® o sfie] s
no nyt1
ny-levels ng-levels

(s) First particle moves one step to the left. (t) Last particle moves one step to the right.




Nonequilibrium dynamics
1st excited state

® Spatial part:

N
e @)= [[ee@ O, 0o [ & wldo)l, 9
k=1 k=1
N
N¥-1) —i
2 ) = (-1~ 7 el () = Zelek’@"“ 2R @)= 3 wjagd@). a6
k=1 k=1
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Nonequilibrium dynamics
1st excited state

® Spatial part:

N
e @)= [[ee@ O, 00 - [ & nldol, 9
k=1 k'=1
N
NN-1) —i
2 @) = (-1~ 7 el () = Zelek’@"“ 2R @)=Y Wiagd@). (e
k=1 k=1

® Associated coefficients:

L 2N\ N L
éa = g = (—1)NH (7) sinM (%) . Gc=¢p=0. 17)
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Nonequilibrium dynamics
1st excited state

® Spatial part:

N
e @)= [[ee@ O, 00 - [ & nldol, 9
k=1 k'=1
N
NN-1) —i
2 @) = (-1~ 7 el () = Zelek’@"“ 2R @)=Y Wiagd@). (e
k=1 k=1

® Associated coefficients:

éa = g = (—1)NH (%)Nsinl\l (%) . Gc=¢p=0. 17)
® Finally, contribution of the 1st excited state:
pN -3 S (N) — ne (NN Ly (m
Py (0,7) = wne™ 27 cos (,c/z_l 9k’> Psg’(0), wy = (=2) (;) sin (ﬁ) . (18)
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Nonequilibrium dynamics
2nd and 3rd excited states

2nd Excited state: E;,g = N — 1. Has no contribution for N # 2.
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Nonequilibrium dynamics

2nd and 3rd excited states

2nd Excited state: E;,4 = N — 1. Has no contribution for N # 2.
3rd Excited state: E3,q = N, ny =n1 +k—1,0<k<N+1,k#1,N.

k-indexes
-1 [0 1 2 3 N-2 N-1 N[N+ N+2
(0] () (6] ® - fe) (5) O« -
no ny n3 NN-2 NN-1 NN 41
ng-levels
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Nonequilibrium dynamics
2nd and 3rd excited states

2nd Excited state: E;,4 = N — 1. Has no contribution for N # 2.
3rd Excited state: E3,q = N, ny =n1 +k—1,0<k<N+1,k#1,N.

k-indexes
-1 [0 1 2 3 N-—2 N—1
O |@ [0 e
no ny n3 nN_—2 MN-1

ng-levels

® Spatial part:

N NN N 2N\ 2 T
12 ()] = (Z S el =0 1> 28 O], Exra =N {1 - <7> sin? (21\1)} ~1, (19)

k=1 k=1 g

—_
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Nonequilibrium dynamics
2nd and 3rd excited states
2nd Excited state: E;,4 = N — 1. Has no contribution for N # 2.
3rd Excited state: E3,q = N, ny =n1 +k—1,0<k<N+1,k#1,N.

k-indexes
-1 [0 1 2 3 N-—2 N—1
O |@ |0 | e
no na  my nN—2 nN_1

ng-levels

® Spatial part:

N N 2
i(0,, — N 2N . T
12 ()] = (E > eilOr =00 1> 193 (0)], g =N {1 - ( ) sin? (2N)} 1, 19)
K=1k=1 “

® 3rd excited state contribution:

Pgi’i) 0,7) fNe <Z Zel(é)k/fek) ) p(cl\sl)(e) , fu:

k' =1 k=1

Il
L—
Z
/N
—
|
/N
N
~—
N
2.
=}
N
N
N
z
~—
——
|
—_
| I
—
N
=)
=

n Mateus,
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2-point correlation distribution function

® Probability density function:

N N N
1+ ZUNef%T cos <Z Hk/> + fve NT (Z ng(ek/*Gk) _ 1)

1
PM(9, 1) = —
N k=1 k'=1k=1

(6, Ok )| - @n
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2-point correlation distribution function

® Probability density function:

N N N
1 _ N —N7 i(0,.r —
rMN (g, r) = Ni 1+ wye 27 cos <Z ek,> + fve N (Z > O =0 1) |KC(6k, 0] - (1)
k=1 K =1k=1
® Now, the 2-point correlation function:
RN (61,6,) == N(N — 1) / 05 - - - doyP™ () . 22)
[0,27)N=2
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2-point correlation distribution function

® Probability density function:

N N N
1 N —Nt (0 —

PN (9,7) = i |1+ e 27 cos <Z ek,> + fuwe™N (Z > O =0 1) K6k, 00).  (21)

k=1 k'=1k=1

® Now, the 2-point correlation function:
RN (61,6,) == N(N — 1) / 05 - - - doyP™ () . 22)
[0,27)N=2
However, jjjust 3rd excited state contributes!! After some long calculations, we have:
22 (NS
1 s 2 N+1 N-1
eME )= — N (%) n fue N7 sin (is> sin <7s> 23)
2rN(N — 1) sin2 (%) TN(N —1) 2 2
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2-point correlation distribution function

® Probability density function:

N N N
1 N —NT7 (0 —
rMN (g, r) = Ni 1+ wye 27 cos <Z ek,> + fve N (Z > O =0 1) |KC(6k, 0] - (1)
k=1 k'=1k=1
® Now, the 2-point correlation function:
RN (61,6,) == N(N — 1) / 05 - - - doyP™ () . 22)
[0,27)N=2
However, jjjust 3rd excited state contributes!! After some long calculations, we have:
22 (NS
1 s o 2 1 -1
eME )= — N (%) n fue N7 sin (Nis> sin (Ls> 23)
27N(N — 1) sin2 (%) wN(N —1) 2 2
2 4 THN-k anN+1),
_T _ —N~ 24
A= T FND X ' T (24)
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Simplest case N = 2

John Mateus, Gabriel Téllez

Energy Levels for N=2,8=2

—— Forbidden Points E=7
- E=e -
1 -o° RS
2 e ey
e =4 S
=3 A
5 5
2 E=2 AN
Y E=1 \
3 |4 <] o . 9
e S \
; / E=0 AN \
; / \ \
1 ! ® o L] i
2 ' h v |
: | | i
o ! i i i
: \ | |
| \ [ |
_1 | e o [} i
2 1 \ v !
N Gs /
N /
l/l
3
IR #
2nd
_s £
2 3rd
L ith o
7 .. ol
1 L S ! ___7_,7'
g
A 5 -3 -1 1 3 3 z
2 2 2 2 2 2 2 2
m
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® Using same ideas:

g (s, 7) = —fsm <7>

Gabriel Téllez

> s

k=1

e k=17 G (

2k —1
—S
2

)

Simplest case N = 2

Energy Levels for N=2,8=2

—— Forbidden Points E=7
- TE=6 - .
=3 A
e -4 Y
/ E=2
/ E=1 \
] o e A )
i Ve Y
/ / N
i Y E=0 \
/ / \ \
! ® o L] i
1 H v 1
! | | 1
! i i i
| \ | |
| \ / i
| Q o [ /
' \ v /
\ N GS /
\ e /,/
® e L 3 o ¢
\ Tst ;
N 2nd
5 3rd
4th <
o\\\_ . ___/_,t
g
-7 -5 3 -1 1 3 5 7
z 2 K 2 H H H H
m




® Using same ideas:
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Numerical results for N =2 at § = 2

For k = 1,2 and 3 (Up to 5th excited state).

Two-Point Distribution for N=2 and B =2
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Numerical results for N =2 at § =2

For k = 1,2 and 3 (Up to 5th excited state).
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N > 2 Case
2-point correlation distribution up to 3rd excited state

Two-Point Distribution, N=2 at =2 Two-point Distribution, N =3 at =2 Two-point Distribution, N =4 at =2
o3 % £ =

A / N / i

7 /

/ \ i #

A i |
s 75 s
(u) ForN = 2. (w) For N = 3. (x) For N = 4.

Two-point Distribution for N = 100 at =2

oo . 1 sin? (&>
6 = e [V (g)

B

(v) For N = 100.
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o3(1)

3.230

Variance at =2

N > 2 Case

Variance up to 3rd excited state
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Conclusions
Nonequililbrium relaxation

Some conclusions
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Conclusions

Nonequililbrium relaxation

Some conclusions
® Nonequilibrium dynamics and correlation functions:

* Complete analytical solution for 8 = 2 and N = 2 for the free-fermion problem, and solved up to 3rd excited
state for arbitrary N.

* Characteristic relaxation time scales as 1/N.

Next steps

® Explore 3 # 2 regimes for relaxation dynamics via perturbation theory.

¢ Different initial conditions and quenches.
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Prepare simulation process:

General Parameters: N, initial number of particles; dt, time step; Ny, total iterations to perform and Ns;n,, total
number of simulations.

2
Control Parameters: 5 = kZTT' charge-temperature ratio; /;, scaled fusion length and py probability of make a fusion.
Dynamic Quantities of Interest: N(t), particle number evolution; ci(t), charge-clusters evolution and g (9, ), first

neighbors correlation distances.

Simulation scheme:
1. Random location of the initial particles on the unit circle.
2. Evolve particles using discrete Over-damped Langevin Eq. of Motion:

g0t 9]‘—9k> 1
66 = — icot = t
ey 20 (F57) + 740
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3. Get distances to first neighbors and test: ® For of: Variance for small jumps:
o If Aeij < Gf ANDp < P THEN make a Fusion. 5 26t
e Store data: N(t), g(t), A6y <(6€") > = Bf

4. Repeat from step 2 until: ® Constraint for diffusive process:

* N=1.
® t = Nyerot. 26t Iy
= 30K)2) = | — <K 0 = =Sy, -
7= w0 = [ 55 < = 55n
Numerical Values: ® Thus, for 6t:
® Np = 100 located at unitary circle. 226f (I 2
® Nsim = 1000 per set {N, Nier, 3, If, pr}. < NZ (ﬁ) :
l 7T
® O = %1270 ® Numerically:
e 3€[01,80] st _ 12w [\’
® I €[0.1,10.0] f 100 Né 10
® pr€(0.1,1.0]
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ot/f-Magnitud Order
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About excited states and 2-point correlation function

Useful form for Vandermonde determinant:
(N—m)
det(V H H (21 — z¢) det Z m=i ™ 2) , (25)
k=1k'=k+1 mA1<k/ <N, k>m-+1
where m is the number of deleted rows and columns, and

m

ei(tm)( ) =én (217227-~7Zm): Z Zjl ~Z]'2 "~'~Zj”, e(()m)(z) =1. (26)
1< <jp <+ Sjn

Alternative form for determinant function:

(m—1)! m—1 m—1 (m—1)! m—1
|K(N) (Qk’ ekl)‘(”l) = Z e(a']') H Kk,aj(k)Kﬂl,m — Z Z E(O’ H Kk,aj(k)Kk’,m m,o; (k") - (27)
j=1 k=1 k=1 j=1 k=1,k#k’
Furthermore:
2T i i . 2T . . 21 i . .
A d0367193Kk3K3k1 = e 0 K d03Ki3Ksr = Ky /0 d93€193Kk3K3k/ = Elngkk/ s (28)
1 N—-1 ) ( )
f< _ oM O —0ps ) 29
W= o ; (29)
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