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Some ressources

• MCS Spring School at ICTP

• Princeton Machine Learning school lecture notes

• Cargèse lectures “Statistical Physics & Machine Learning: moving forward”

Same material as here, but on a 9 x 1:30 blackboard format. 

Video recording available.

• PSL Week “Machine Learning and Statistical Physics”

Lecture notes on feature learning part.

Additional material (Kac-Rice, SGD)
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(a.k.a. kernel methods)
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Part I: Statistical Physics of Computation

2. A brief history of the physics & computer science marriage

1. Why Stat. Phys. and ML were made for each other

3. The relationship between phase transitions and computational hardness
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Stat. Phys. 101
Classical Mechanics:

·p = − ∇xH(x, p)

·x = ∇pH(x, p)

I. Newton  
(1642)

J. L. Lagrange  
(1813)

W. R. Hamilton 
(1805)“Hamiltonian”
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Classical Mechanics:

·p = − ∇xH(x, p)

·x = ∇pH(x, p)

H(x, p) =
p2

2m
+

kx2

2
Example: 

·x =
p
m

I. Newton  
(1642)

J. L. Lagrange  
(1813)

W. R. Hamilton 
(1805)

·p = − kx

What about  particles in dimension  ?n d

Requires solving  coupled ODEs!2dn

analytically & computationally  
intractable!!!

“Hamiltonian”



Stat. Phys. 101

L. Boltzmann   
(1844)

J. C. Maxwell 
(1831)

J. W. Gibbs 
(1839)

Key idea of Statistical Physics: 
Take a probabilistic approach.
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Define a probability measure over {(xi, pi) ∈ ℝ2d : i ∈ [n]}

μβ({(xi, pi)}) =
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Free energy (density)
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Stat. Phys. 101

L. Boltzmann   
(1844)

J. C. Maxwell 
(1831)

J. W. Gibbs 
(1839)

Key idea of Statistical Physics: 
Take a probabilistic approach.

Define a probability measure over {(xi, pi) ∈ ℝ2d : i ∈ [n]}

μβ({(xi, pi)}) =
e−βH({(xi, pi)})

∫ dp ∫ dx e−βH({(xi, pi)})

“Configuration space”

Boltzmann-Gibbs distribution

−βfβ =
1

dn
log∫ dp∫ dx e−βH({(xi, pi)})

Free energy (density)

• At ,  peaks at β → ∞ μβ

“Ground state”

Remarks

argmin H({(pi, qi)})

•  is the moment 
generating function 
(MdF) of 

fβ

μβ
4



m : {(xi, pi)} ∈ ℝ2dn ↦ m({(xi, pi)}) ∈ ℝk

Order parameters / summary statistics

Stat. Phys. 101

J. C. Maxwell 
(1831)

The central idea is to identify key  
“macroscopic” quantities

P-S. Laplace 
(1749)

S.R.S Varadhan 
(1940)

5



m : {(xi, pi)} ∈ ℝ2dn ↦ m({(xi, pi)}) ∈ ℝk

Order parameters / summary statistics

Stat. Phys. 101

J. C. Maxwell 
(1831)

The central idea is to identify key  
“macroscopic” quantities

Such that the free energy satisfy a large deviation principle

−βfβ =
1

dn
log∫ dp∫ dx e−βH({xi, pi}) ≍

n→∞
extr
m∈ℝk

Φ(m)

P-S. Laplace 
(1749)

S.R.S Varadhan 
(1940)

k = Θn(1)
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Blessing of dimensionality

David Donoho, AMS CONFERENCE ON MATH CHALLENGES OF THE 21ST CENTURY, 2000

D. Donoho 
(1957)
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The energy landscape

8

P. Ehrenfest 
(1880)

S. Arrhenius 
(1880)

ΔE



The energy landscape

8

P. Ehrenfest 
(1880)

S. Arrhenius 
(1880)

Phases 
(minima of energy)

τ ∝ eΔE

ΔE

“Arrhenius law”



J. W. Gibbs 
(1839)
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Case study: 
The Curie-Weiss model



H(s) = −
1
2n

n

∑
i,j=1

sisj − h
n

∑
i=1

si

Curie-Weiss Model

Curie-Weiss model

P. Curie 
(1859)

P. Weiss 
(1865)

s ∈ {−1, + 1}n

“fully connected” or  
“complete”
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si)
2

− nh ( 1
n

n

∑
i=1

si)
= − n ( m2

2
+ hm) “magnetisation"

Question: What is the distribution of the statistic ? Must count how 
many  for a given . 

m
s ∈ {−1, + 1}n m

Key observation:
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P. Curie 
(1859)

P. Weiss 
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P. Curie 
(1859)

P. Weiss 
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ℙ[s̄n = m] =
Ω(m, n)
Zn(β)

eβn( m2
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1
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Theorem (Large deviation principle)

6

ϕβ,h(m) =
β
2

m2 + βhm + H(m) = energy + entropy

H(m) = −
1 + m

2
log ( 1 + m

2 ) −
1 − m

2
log ( 1 − m

2 ) “Binary 
entropy”

m⋆ ∈ argmax
m∈[−1,+1]

ϕβ,h(m)



log
1
n

lim
n→∞

ℙ[s̄n = m] = ϕβ,h(m) − ϕβ,h(m⋆)

Curie-Weiss model

Theorem (Large deviation principle)

6

ϕβ,h(m) =
β
2

m2 + βhm + H(m) = energy + entropy

H(m) = −
1 + m

2
log ( 1 + m

2 ) −
1 − m

2
log ( 1 − m

2 )

m⋆ ∈ argmax
m∈[−1,+1]

ϕβ,h(m)

“Binary 
entropy”

To find , look for extremisers:m⋆ ∂mϕβ,h
!= 0



log
1
n

lim
n→∞

ℙ[s̄n = m] = ϕβ,h(m) − ϕβ,h(m⋆)

Curie-Weiss model

Theorem (Large deviation principle)

6

ϕβ,h(m) =
β
2

m2 + βhm + H(m) = energy + entropy

H(m) = −
1 + m

2
log ( 1 + m

2 ) −
1 − m

2
log ( 1 − m

2 ) “Binary 
entropy”

To find , look for extremisers:m⋆ ∂mϕβ,h
!= 0

Saddle-point equations

m = tanh (β(m + h))

m⋆ ∈ argmax
m∈[−1,+1]

ϕβ,h(m)



Curie-Weiss model

m

β = 3

β = 1.5

β = 1

β = 0.5
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The Hamiltonian has a  symmetry:ℤ2 H(−m) = H(m)

m = tanh(βm)ϕβ(m)

m
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The Hamiltonian has a  symmetry:ℤ2 H(−m) = H(m)

Two phases:

m = tanh(βm)ϕβ(m)
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• :  is the only global maxima.β < βc m⋆ = 0
• :  is a minima,  global maxima.β ≥ βc m = 0 ±m⋆ ≠ 0



Curie-Weiss model

m

β = 3

β = 1.5

β = 1

β = 0.5

6

Consider the case of a zero field .h = 0

The Hamiltonian has a  symmetry:ℤ2 H(−m) = H(m)

Two phases:

m = tanh(βm)ϕβ(m)

m

• :  is the only global maxima.β < βc m⋆ = 0
• :  is a minima,  global maxima.β ≥ βc m = 0 ±m⋆ ≠ 0

2nd order (continuous)  
phase transition: ϕβ,0(m) ≈ log 2 + (β − 1)

m2

2
+ O(m2)
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Curie-Weiss Model

Curie-Weiss model

P. Curie 
(1859)

P. Weiss 
(1865)

s ∈ {−1, + 1}n

m⋆

β
Ferromagnetic 

“ordered” phase 
|m⋆ | > 0

β > βc
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Curie-Weiss Model

Curie-Weiss model

P. Curie 
(1859)

P. Weiss 
(1865)

s ∈ {−1, + 1}n

m⋆

β
6

H(s) = −
1
2n

n

∑
i,j=1

sisj

Spontaneous symmetry breaking:

System relaxes to branch closer to  
“initialisation” m0

⇔
Critical slowing down of 

algorithms



Curie-Weiss model

6

Consider the case of a positive field .h > 0

Explicit symmetry breaking: H(−m) ≠ H(m)

h < hsp

h = hsp

h > hsp

β > βc

 not a  
fixed point!
m = 0

m

ϕβ(m)

Metastability: local algorithms can get trapped



Curie-Weiss model

6

Consider the case of a positive field .h > 0

Explicit symmetry breaking: H(−m) ≠ H(m)  not a  
fixed point!
m = 0

m⋆

h h
1st order (discontinuous)  

phase transition !



Particles Parameters
Hamiltonian Loss function
Interactions Data
Dynamics Algorithms

The energy landscape
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1983
Simulated annealing

10

S. Kirkpatrick C. D. Gelatt M.P. Vecchi



1982
The Hopfield Model

11

J. J. Hopfield
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1982
The Hopfield Model

H(s) = −
1
2

d

∑
i,j=1

Jijsisj s ∈ {−1, + 1}d

Jij =
1
n

n

∑
μ=1

xμ
i xμ

j xμ ∼ Unif({−1, + 1}d)( =
1
n

X⊤X)

( = ⟨s, Js⟩)

s(t + 1) = tanh(βJs(t))

“patterns”

“Hebbian rule”

GD-like algorithm 
(Goes down in energy)

“configurations”

11

J. J. Hopfield



1982
The Hopfield Model
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1985
The Hopfield Model

13

H. SompolinskyH. GutfreundD. J. Amit



1985
The Hopfield Model

H(s) = −
1
2

d

∑
i, j=1

Jijsisj

s ∈ {−1, + 1}d

“Spin glass”

Jij ∼ 𝒩(0,1/d)

2010

13

H. SompolinskyH. GutfreundD. J. Amit



And they were not alone…

"Only physicists were interested in 
neural networks at the time [...] My 

professional life truly shifted in 
February 1985 during a physics 

symposium in Les Houches, in the 
French Alps. There, I met the crème de 

la crème of international research 
interested in neural networks and 

gave my very first talk (in English!).”

From “Quand la Machine Apprend”

1985

14

Y. Lecun



And they were not alone…

From “Data Mining History: The 
Invention of Support Vector 

Machines”

I benchmarked neural networks against 
kernel methods with my Ph.D advisors Gerard 
Dreyfus and Leon Personnaz. The same year, 

two physicists working close-by (Marc Mezard 
& Werner Krauth) published a paper on an 
optimal margin algorithm called 'minover,' 

which attracted my attention…. but it was not 
until I joined Bell Labs that I put things 

together and we created support vector 
machines.

1985

15

I. Guyon



K

yi(w⊤xi) ≥ K

w

Given , wants:(xi, yi)i∈[n]

1987
The Perceptron

[Rosenblatt 1958] 16

E. Gardner

B. Derrida



1987
The Perceptron

c.f. [Cover 1967]

patterns / bits

K = 0.5

K = 0

K = 1

Fr
ac

ti
on

 o
f 

w
ro

n
g

 b
it

s

• Precursor to “High-d” 
statistics (Donoho, Candès, 
Montanari, El Karoui) 

• Prefigures most of research 
that followed in “Statistical 
Physics of Learning”

H(w) =
1
2

n

∑
μ=1

𝕀 [yμ ≠ sign(w⊤xμ − κ)]

16

E. Gardner

B. Derrida
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The CSP years
These works have triggered a wave of interest of Physicists for TCS, 
in particular random constraint satisfaction problems  (CSP)

• Travelling Salesman Problem: Kirkpatrick 1981, 
Mézard, Parisi 1985.

• K-SAT: Monasson, Zecchina 1997; 
Mézard, Zecchina, Parisi 2002

• Graph Colouring: Wu 1982; Biroli, Monasson, Weigt 1999; 
Mulet, Pagnani, Weigt, Zecchina 2003

• Stochastic Block Model: Decelle, Krzakala, 
Moore, Zdeborová 2011

• Error correcting codes: Sourlas 1989

• Graph Matching Problem: Parisi, Mézard 1987

• Compressive sensing: Donoho, Maleki, Montanari 2009

90’s-10’s

R. Zecchina R. Monasson

G. Biroli A. Montanari

F. Krzakala L. Zdeborová
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1995

L. Breiman
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1995

L. Breiman



Case study: the GLM

Signal Likelihood Observation

w⋆ ∼ P⋆ y ∈ ℝnP(y |Xw⋆)

 Gaussian.X

18
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Case study: the GLM

Signal Likelihood Observation

w⋆ ∼ P⋆ y ∈ ℝnP(y |Xw⋆)

p(w |X, y) ∝ P⋆(w)
n

∏
i=1

P(yi |⟨w, xi⟩) Posterior distribution

mmse = ρ − m⋆

Φ(m*, m̂*) = sup
m

inf
m̂

ΦRS(m, m̂)

ΦPw
(m̂) ≡ 𝔼z,w0[ln 𝔼w(em̂ww0+ m̂wz−m̂w2/2)]

ΦPout
(m; ρ) ≡ 𝔼v,z[∫ dyPout(y | mv + ρ − mz)ln 𝔼ξ[Pout(y | mv + ρ − mξ)]]

Theorem , where   minimiser of ρ = Var P⋆ m⋆

[Barbier, Krzakala,  Macris, Miolane, Zdeborová ’17]

mmse = argmin 𝔼[ | |w − w⋆ | |2
2 ] = 𝔼[w |X, y]

 Gaussian.X



α = n/d

Case study: the GLM

yi = |⟨w⋆, xi⟩ |2 P⋆ = 𝒩(0,Id)

best achievable error
state evolution 
AMP

[Barbier et al. ’17; Mondelli, Montanari ’17;  
Maillard, BL, Krzakala, Zdeborová ’20;] 
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yi = |⟨w⋆, xi⟩ |2 P⋆ = 𝒩(0,Id)

best achievable error
state evolution 
AMP

m⋆ = 0

[Barbier et al. ’17; Mondelli, Montanari ’17;  
Maillard, BL, Krzakala, Zdeborová ’20;] 
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Case study: the GLM

yi = |⟨w⋆, xi⟩ |2 P⋆ = 𝒩(0,Id)

best achievable error
state evolution 
AMP

m⋆ = 0 m⋆ > 0 m⋆ = 1

hard

α = n/d

[Barbier et al. ’17; Mondelli, Montanari ’17;  
Maillard, BL, Krzakala, Zdeborová ’20;] 

Full recovery (alg)Weak recovery 19



G-AMP algorithm [Mézard 1989; Kabashima 2008; Donoho, Montanari 2009;  
Rangan 2011; Krzakala, Mézard, Sausset, Sun, Zdeborová 2011] 

Key idea: split in two estimation problems

y = P(y |z) z = Xw⋆

1-d denonising problem Linear estimation

20
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G-AMP algorithm [Mézard 1989; Kabashima 2008; Donoho, Montanari 2009;  
Rangan 2011; Krzakala, Mézard, Sausset, Sun, Zdeborová 2011] 

y = P(y |z)

̂z |y

First estimate: 

ŵ | ̂z

Then estimate: 

z = Xw⋆

1-d denonising problem Linear estimation

Remarks

• In Bayes-optimal setting, use 
optimal denoiser

• Runs in linear time in nd

• Proven to be optimal over class 
of first-order methods

[Celentano, Montanari, Wu 2020 ] 20

Key idea: split in two estimation problems



Take away I:

Statistical Physics 
   

study of high-d probability
=

Statistical Physics provides both a  
conceptual framework and a toolbox  

to approach  
high-dimensional optimisation problems

Fruitful history dating back from  
(at least) the 80’s 20

Close relationship between typical-case 
computational hardness and landscape 



φ

Part II: Neural Networks 

at initialisation


(a.k.a. kernel methods)

Part III: Feature learning

Menu for this tutorial
Part I: Statistical Physics of Computation

19
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Let  ind. sampled from  .𝒟 = {(xi, yi) ∈ ℝd × ℝ : i ∈ [n]} ρ

Supervised Learning
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0 otherwise
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Want: Learn   from data  f : ℝd → ℝ 𝒟

Supervised Learning

Introduce a “cost function” ℓ(y, f(x)) ≥ 0

minimise R( f ) = 𝔼(x,y)∼ρ[ℓ(y, f(x))] Population 
Risk

Memorisation,  
not learning!

Let  ind. sampled from  .𝒟 = {(xi, yi) ∈ ℝd × ℝ : i ∈ [n]} ρ

  f(x) = {yi if x ∈ 𝒟
0 otherwise
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Want: Learn   from data  f : ℝd → ℝ 𝒟

Supervised Learning

Introduce a “cost function” ℓ(y, f(x)) ≥ 0

minimise Population 
Risk

Challenges: •  In practice, does’t know , only  
• How to minimise over ?

ρ 𝒟
{f : ℝd → ℝ}

Memorisation,  
not learning!  f(x) = {yi if x ∈ 𝒟

0 otherwise

Let  ind. sampled from  .𝒟 = {(xi, yi) ∈ ℝd × ℝ : i ∈ [n]} ρ

21
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Want: Learn   from data  f : ℝd → ℝ 𝒟

Supervised Learning

minimise R( f ) = 𝔼(x,y)∼ρ[ℓ(y, f(x))] Population 
Risk

•  In practice, does’t know , only  
• How to minimise over ?

ρ 𝒟
{f : ℝd → ℝ}

R̂n( f ) =
1
n ∑

i∈[n]

[ℓ(yi, f(xi))] Empirical 
Risk

minimise

Challenges:

Let  ind. sampled from  .𝒟 = {(xi, yi) ∈ ℝd × ℝ : i ∈ [n]} ρ

21



Want: Learn   from data  fΘ : ℝd → ℝ 𝒟

Supervised Learning

minimise Population 
Risk

•  In practice, does’t know , only  
• How to minimise over ?

ρ 𝒟
{f : ℝd → ℝ}

Empirical 
Risk

minimise

Challenges:

Let  ind. sampled from  .𝒟 = {(xi, yi) ∈ ℝd × ℝ : i ∈ [n]} ρ

21

R(Θ) = 𝔼(x,y)∼ρ[ℓ(y, f(x))]

R̂n(Θ) =
1
n ∑

i∈[n]

[ℓ(yi, f(xi))]



Bias-Variance decomposition

f⋆(x) = argmin
f

R( f ) = 𝔼[y |x]

For :ℓ(y, fΘ(x)) = (y − fΘ(x))2

“Bayes risk”

22



Bias-Variance decomposition

For :ℓ(y, fΘ(x)) = (y − fΘ(x))2

Hence, for  the excess risk is given by: Θ̂ = Θ̂(X, y)

R(Θ̂) − R( f⋆) = 𝔼[( f⋆(x) − f(x; Θ))2]

“Bayes risk”f⋆(x) = argmin
f

R( f ) = 𝔼[y |x]

22



Bias-Variance decomposition

For :ℓ(y, fΘ(x)) = (y − fΘ(x))2

Hence, for  the excess risk is given by: Θ̂ = Θ̂(X, y)

R(Θ̂) − R( f⋆) = 𝔼[( f⋆(x) − f(x; Θ))2]

= 𝔼X[Bias(Θ̂)2] + 𝔼X[Var(Θ̂)]

Bias(Θ̂)2 = 𝔼x [(f⋆(x) − 𝔼y [f(x; Θ̂)])
2

]
Var(Θ̂) = 𝔼x,y [(f(x; Θ̂) − 𝔼y [f(x; Θ̂)])

2

]

Where:

“Bayes risk”f⋆(x) = argmin
f

R( f ) = 𝔼[y |x]

22



complexity

error

Bias-variance trade-off

Bias(Θ̂)2 Var(Θ̂)
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error

Underfitting

complexity

Bias(Θ̂)2 Var(Θ̂)

From [Advani, Saxe 17’]

Bias-variance trade-off
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error

Underfitting Overfitting
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Bias-variance trade-off
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error

Underfitting Overfitting

complexity

Bias(Θ̂)2 Var(Θ̂)

From [Advani, Saxe 17’]

Bias-variance trade-off

23



[Nakkiran et al. ’19]

Parity-MNIST, 5 layers,  
fully-connected, no 

regularisation

zero 
training 	
error

[Geiger et al. ’18]

Number of parameters
CIFAR10, no regularisation

“Double descent” [Belkin ’18]

24



See also [Geman et al. ’92; Opper ’95; Neyshabur, Tomyoka, Srebro, 2015; 
Advani-Saxe 2017; Belkin, Hsu, Ma, Soumik, Mandal 2019;] 

How to make sense of that?

[Belkin et al. ’18]

25

“Double descent”



Setting
Consider the hypothesis class of fully-connected two-layer neural networks

x aWf(x; a, W ) =
1
p

p

∑
k=1

akσ (⟨wk, x⟩)

26
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x aWf(x; a, W ) =
1
p

p

∑
k=1

akσ (⟨wk, x⟩)

min
a,W

1
2n

n

∑
i=1

(yi − f(xi; a, W ))2 + λr(a, W )

Given a training set  we are interested in the ERM problem :(xi, yi)i∈[n] ∈ ℝd+1

Setting
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Consider the hypothesis class of fully-connected two-layer neural networks

x aWf(x; a, W ) =
1
p

p

∑
k=1

akσ (⟨wk, x⟩)

Given a training set  we are interested in the ERM problem :(xi, yi)i∈[n] ∈ ℝd+1

min
a,W

1
2n

n

∑
i=1

(yi − f(xi; a, W ))2 + λr(a, W )

And in particular, in characterising the risk:

R(a, W ) = 𝔼[(y − f(x; a, W ))2] R̂n(a, W ) =
1
n

n

∑
i=1

(yi − f(xi; a, W ))2]

Setting

26



Supervised binary classification (xi, yi) ∈ ℝd × {−1,1}, i ∈ [n]

Uniform bounds

27



∀fΘ ∈ ℋ

[Bartlett, Mendelson ’03]

Where Rad(ℋ) =
1
n

𝔼 sup
fΘ∈ℋ ∑

i∈[n]

yi fΘ(xi)

R(Θ) − R̂n(Θ) ≤ Rad(ℋ) +
log(1/δ)

n

with probability at least 1 − δ

Supervised binary classification (xi, yi) ∈ ℝd × {−1,1}, i ∈ [n]

27

Uniform bounds

Theorem (Uniform convergence)



∀fΘ ∈ ℋ R(Θ) − R̂n(Θ) ≤ Rad(ℋ) +
log(1/δ)

n

with probability at least 1 − δ

Supervised binary classification (xi, yi) ∈ ℝd × {−1,1}, i ∈ [n]

27

More generally, Rad(ℋ) ∝ #parameters

[Brown et al 2020]

Uniform bounds

Theorem (Uniform convergence)



Uniform bounds

[Zhang, Bengio, Hardt, Recht, Vinyals 17’]

∀fΘ ∈ ℋ

with probability at least 1 − δ

Supervised binary classification (xi, yi) ∈ ℝd × {−1,1}, i ∈ [n]

R(Θ) − R̂n(Θ) ≤ Rad(ℋ) +
log(1/δ)

n

27

Theorem (Uniform convergence)



Data model
We assume data   is drawn i.i.d. from a multi-index model(xi, yi) ∈ ℝd+1

yi = g(w⋆
1 xi, ⋯, w⋆

r xi)

wk ∈ 𝕊d−1( d)xi ∼ 𝒩(0,Id /d)

28



Data model
We assume data   is drawn i.i.d. from a multi-index model(xi, yi) ∈ ℝd+1

yi = g(w⋆
1 xi, ⋯, w⋆

r xi)

wk ∈ 𝕊d−1( d)xi ∼ 𝒩(0,Id /d)

Examples:

g(z) = z

g(z) = z2

g(z) = z1z2z3z4

r = 1

g(z) = sign(z1z2z3)

r > 1

g(z) =
r

∑
k=1

akσ(zk)g(z) = sign(z)

28
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x ∈ ℝd

Frozen

Initialisation “Random features model”
[Rahimi & Recht ’07]

̂aλ = argmin
a∈ℝp

1
2n ∑

i∈[n] (yi −
1
p

⟨a, σ(W0xi)⟩)
2

+
λ
2

| |a | |2
2
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̂aλ = argmin
a∈ℝp

1
2n ∑

i∈[n] (yi −
1
p

⟨a, σ(W0xi)⟩)
2

+
λ
2

| |a | |2
2

= ( α
n

Φ⊤Φ + λIp)
−1

Φ⊤y Φ = σ(XW⊤
0 ) ∈ ℝn×p

“Feature matrix”
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x ∈ ℝd

Frozen

“Random features model”
[Rahimi & Recht ’07]

̂aλ = argmin
a∈ℝp

1
2n ∑

i∈[n] (yi −
1
p

⟨a, σ(W0xi)⟩)
2

+
λ
2

| |a | |2
2

= ( α
n

Φ⊤Φ + λIp)
−1

Φ⊤y Φ = σ(XW⊤
0 ) ∈ ℝn×p

“Feature matrix”

29

Several known results for the case  is a Gaussian matrix.Φ [Ledoit, Péché 11’; 
Dobriban, Wager ’15]

Challenge:  is not a Gaussian matrix!Φ

Initialisation



Φik = σ(⟨w0,k, xi⟩) = ∑
α≥0

μαHeα(⟨w0,k, xi⟩)
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1
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x ∈ ℝd

Frozen

“Random features model”
[Rahimi & Recht ’07]

̂aλ = argmin
a∈ℝp

1
2n ∑

i∈[n] (yi −
1
p

⟨a, σ(W0xi)⟩)
2

+
λ
2

| |a | |2
2

= ( α
n

Φ⊤Φ + λIp)
−1

Φ⊤y Φ = σ(XW⊤
0 ) ∈ ℝn×p

“Feature matrix”

29

Several known results for the case  is a Gaussian matrix.Φ [Ledoit, Péché 11’; 
Dobriban, Wager ’15]

Challenge:  is not a Gaussian matrix!Φ

Φik = σ(⟨w0,k, xi⟩) = ∑
α≥0

μαHeα(⟨w0,k, xi⟩)
= Θ(d−1/2)

Initialisation



Feature moments

30

𝔼[Φik] = μ0

Look at the moments of  w.r.t. Φ x ∼ 𝒩(0,Id /d)



𝔼[Φik] = μ0

𝔼[ΦikΦjl] = 𝔼 ∑
α≥0

μαHeα(⟨w0,k, xi⟩)∑
β≥0

μβHeβ(⟨w0,k, xi⟩)

Look at the moments of  w.r.t. Φ x ∼ 𝒩(0,Id /d)
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Feature moments



𝔼[Φik] = μ0

𝔼[ΦikΦjl] = 𝔼 ∑
α≥0

μαHeα(⟨w0,k, xi⟩)∑
β≥0

μβHeβ(⟨w0,k, xi⟩)

= ∑
α,β≥0

μαμβ𝔼 [Heα(⟨w0,k, xi⟩)Heβ(⟨w0,k, xi⟩)]

Look at the moments of  w.r.t. Φ x ∼ 𝒩(0,Id /d)

30

Feature moments



𝔼[Φik] = μ0

𝔼[ΦikΦjl] = 𝔼 ∑
α≥0

μαHeα(⟨w0,k, xi⟩)∑
β≥0

μβHeβ(⟨w0,k, xi⟩)

= ∑
α,β≥0

μαμβ𝔼 [Heα(⟨w0,k, xi⟩)Heβ(⟨w0,k, xi⟩)]

= ∑
α,β≥0

μαμβ (
⟨w0,k, w0,l⟩

d )
α

δαβ

Look at the moments of  w.r.t. Φ x ∼ 𝒩(0,Id /d)

30

Feature moments



𝔼[Φik] = μ0

𝔼[ΦikΦjl] = μ2
0 + μ2

1
⟨w0,k, w0,l⟩

d
+ ∑

α≥2

μ2
α (

⟨w0,k, w0,l⟩
d )

α

Look at the moments of  w.r.t. Φ x ∼ 𝒩(0,Id /d)

= {Θ(1) k = l
Θ(d−α/2) d ≠ l

30

Feature moments



𝔼[Φik] = μ0

𝔼[ΦikΦjl] ≈ μ2
0 + μ2

1
⟨w0,k, w0,l⟩

d
+ δkl ∑

α≥2

μ2
α

Look at the moments of  w.r.t. Φ x ∼ 𝒩(0,Id /d)

Exercise: check -moment are , hence negligible to order q Θ(d−q/2) Θ(d−1)

30
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𝔼[Φik] = μ0

𝔼[ΦikΦjl] ≈ μ2
0 + μ2

1
⟨w0,k, w0,l⟩

d
+ δkl ∑

α≥2

μ2
α

Look at the moments of  w.r.t. Φ x ∼ 𝒩(0,Id /d)

Exercise: check -moment are , hence negligible to order q Θ(d−q/2) Θ(d−1)

|R( ̂aλ(Φ, y)) − R( ̂aλ(G, y)) | → 0

Gaussian equivalence theorem

Consider two models: ̂aλ(Φ, y)(a) Φ = σ(XW⊤
0 )

(b) ̂aλ(G, y) G = μ01n1⊤
p + μ1W0X⊤ + μ⋆Z

d → ∞ n, p = Θ(d)Then:

Proofs in [Mei & Montanari ’19; Goldt, BL et al. ’20; Hu, Lu ’20]. 30

Gaussian Universality



|R( ̂aλ(Φ, y)) − R( ̂aλ(G, y)) | → 0

Gaussian equivalence theorem

Consider two models: ̂aλ(Φ, y)(a) Φ = σ(XW⊤
0 )

(b) ̂aλ(G, y) G = μ01n1⊤
p + μ1W0X⊤ + μ⋆Z

d → ∞ n, p = Θ(d)Then:

Proofs in [Mei & Montanari ’19; Goldt, BL et al. ’20; Hu, Lu ’20]. 

30

Several extensions:

• Deep random features [Schroder, Cui, Dmitriev, BL ’23,’24; Bosch, Panahi, Hassibi ’23]. 

• Polynomial scaling [Lu, Yau ’23; Hu, Lu, Misiakiewicz ’24; 
Defilippis, BL, Misiakiewicz ’24]. 

• Multi-modal features [Refinetti, Goldt, Krzakala, Zdeborová ’21;  
Dandi, Stephan, Krzakala, BL, Zdeborová ’23]. 

• Application to real data [BL, Gerbelot, Cui, Goldt, Krzakala,  
Mezard, Zdeborová ’21; Wei, Hu, Steinhardt ‘22]. 

Gaussian Universality

• Beyond Gaussian [El Karoui ’18; Adomaityte, Defilippis, BL, Sicuro ’23; 
Pesce, Krzakala, BL, Stephan ’22; Tsironis, Moustakas ‘24]. 



Consider the unique fixed point of the following system of equations
Definitions:

In the high-dimensional limit:

̂Vs = α
γ κ2

1𝔼ξ,y [𝒵 (y, ω0)
∂ωη(y, ω1)

V ],

̂qs = α
γ κ2

1𝔼ξ,y 𝒵 (y, ω0) (η(y, ω1) − ω1)
2

V 2 ,

m̂s = α
γ κ1𝔼ξ,y [∂ω𝒵 (y, ω0)

(η(y, ω1) − ω1)

V ],

̂Vw = ακ2
⋆𝔼ξ,y [𝒵 (y, ω0)

∂ωη(y, ω1)
V ],

̂qw = ακ2
⋆𝔼ξ,y 𝒵 (y, ω0) (η(y, ω1) − ω1)

2

V 2 ,

Vs = 1
̂Vs

(1 − z gμ(−z)),

qs =
m̂2

s + ̂qs

̂Vs
[1 − 2zgμ(−z) + z2g′￼μ(−z)]

−
̂qw

(λ + ̂Vw) ̂Vs
[−zgμ(−z) + z2g′￼μ(−z)],

ms =
m̂s

̂Vs
(1 − z gμ(−z)),

Vw = γ

λ + ̂Vw
[ 1

γ − 1 + zgμ(−z)],

qw = γ
̂qw

(λ + ̂Vw)2 [ 1
γ − 1 + z2g′￼μ(−z)],

+
m̂2

s + ̂qs

(λ + ̂Vw) ̂Vs
[−zgμ(−z) + z2g′￼μ(−z)],

η(y, ω) = argmin
x∈ℝ [ (x − ω)2

2V + ℓ(y, x)]
𝒵(y, ω) = ∫ dx

2πV 0
e− 1

2V 0 (x − ω)2
δ (y − g(x))

where V = κ2
1Vs + κ2

⋆Vw, V 0 = ρ −
M2

Q
, Q = κ2

1qs + κ2
⋆qw, M = κ1ms, ω0 = M/ Qξ, ω1 = Qξ and gμis the Stieltjes transform of FFT

κ0 = 𝔼 [σ(z)], κ1 ≡ 𝔼 [zσ(z)], κ⋆ ≡ 𝔼 [σ(z)2] − κ2
0 − κ2

1 , and zμ ∼ 𝒩(0, Ip)

ϵgen = 𝔼λ,ν [( f 0(ν) − ̂f(λ))2]
with (ν, λ) ∼ 𝒩 (0

0), ( ρ M⋆

M⋆ Q⋆)

ℒtraining =
λ

2α
q⋆

w + 𝔼ξ,y [𝒵 (y, ω⋆
0 ) ℓ (y, η(y, ω⋆

1 ))]

with ω⋆
0 = M⋆ / Q⋆ξ, ω⋆

1 = Q⋆ξ

[Gerace, BL, Krzakala, Zdeborová ’20] ( )r = 1

See also [Mei & Montanari ’19; Gerace, BL et al. ‘20; Hu, Lu, ’20;  
Dhifallah, Lu ’20; Hu, Lu, Misiakiewicz ’24] 31



Double descent

λ → 0+

λopt

zero 
training 	
error

Number of parameters

g(z) = sign(z) σ(t) = erf(t)
[Geiger et al. ’18]

[Mei, Montanari ’19; Gerace, BL, Krzakala, Mézard, Zdeborová ‘20]

width ( )p

32



What’s going on?

Focus on  loss .ℓ2 λ → 0+

p/n
p < n

underparametrised

Loss  
landscape

No interpolating 
solution

33



Focus on  loss .ℓ2 λ → 0+

p/n

No interpolating 
solution

Overparametrisedunderparametrised

Minimum  
-norm  

solution
ℓ2

Loss  
landscape

p = np < n p > n

What’s going on?

18



Loss  
landscape

Space of  
interpolators

No interpolating 
solution

Minimum  
-norm  

solution
ℓ2

 loss  
.

ℓ2
λ → 0+

33

What’s going on?



Loss  
landscape

Space of  
interpolators

No interpolating 
solution

Larger  
norm solution

 loss  
.

ℓ2
λ → 0+

What’s going on?

33



Overparametrisation is not at odds with 
generalisation

Benign overfitting can be understood 
from simple linear model

Implicit bias of algorithms

Take away II:

34



φ

Part II: Neural Networks 

at initialisation


(a.k.a. kernel methods)

Part III: Feature learning

Menu for this tutorial
Part I: Statistical Physics of Computation

35



Limitations of RF

36

Close connection between Gaussian universality and expressivity

R( ̂aλ) = 𝔼[(y − ⟨ ̂aλ, σ(W0x)⟩)2] ≈ 𝔼[(y − ⟨ ̂aλ, μ01p + W0x + μ⋆z)⟩)2]
Linear function of x



36

For isotropic data (e.g. ),  with  one can 
learn at best a polynomial approximation of degree  of the target 

 

x ∼ Unif(𝕊d−1) n, p = Θ(dκ)
κ

f⋆(x)

𝔼 | | f⋆(x) − f(x; ̂aλ, W0) | |2
2 = | |P>κ f⋆ | |2

L2
+ od(1)

Theorem [Mei, Misiakiewicz, Montanari ’22, informal]

Limitations of RF
Close connection between Gaussian universality and expressivity



In particular, for , can 
learn at best a linear approximation  

of 

n, p = Θ(d)

f⋆

f⋆(x) = ⟨θ⋆, x⟩ + fNL(x)

λ → 0+

λopt

width ( )p 36
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In particular, for , can 
learn at best a linear approximation  

of 

n, p = Θ(d)

f⋆

f⋆(x) = ⟨θ⋆, x⟩ + fNL(x)

λ → 0+

λopt
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To do better, need to  
learn features

For isotropic data (e.g. ),  with  one can 
learn at best a polynomial approximation of degree  of the target 

 

x ∼ Unif(𝕊d−1) n, p = Θ(dκ)
κ

f⋆(x)

𝔼 | | f⋆(x) − f(x; ̂aλ, W0) | |2
2 = | |P>κ f⋆ | |2

L2
+ od(1)

Theorem [Mei, Misiakiewicz, Montanari ’22, informal]

Limitations of RF
Close connection between Gaussian universality and expressivity



One step of GD
Consider one step of GD from initialisation  with fresh batch a0, W0 (xi, yi)i∈[n0]

37

Wt+1 = Wt −
η

2 |bt | ∑
i∈bt

∇w(yi − f(xi; a0, Wt))2



One step of GD

⟨wt
i , w⋆

k ⟩
| |w1

i | | ⋅ | |w⋆
k | |

d→∞→ Mt
ik > 0

Weak learnability: obtain non-trivial correlation with features:
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One step of GD

Weak learnability: obtain non-trivial correlation with features:

Sample complexity depends on leap index  of :ℓ g

g(z1, …, zr) = μ0 + ∑
i

μ(1)
i zi + ∑

ij

μ(2)
ij h2(z1, z2) + …

Morally: Smallest non-zero coefficient in Hermite expansion
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⟨wt
i , w⋆

k ⟩
| |w1

i | | ⋅ | |w⋆
k | |

d→∞→ Mt
ik > 0
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η

2 |bt | ∑
i∈bt

∇w(yi − f(xi; a0, Wt))2



What you learn in one-step of SGD?

[Dandi, Krzakala, BL, Pesce, Stephan ’23] 

Sample complexity determined by the leap index  of :ℓ g

g(z1, …, zr) = μ0 + ∑
i

μ(1)
i zi + ∑

ij

μ(2)
ij h2(z1, z2) + …

Morally: Smallest non-zero coefficient in Hermite expansion
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What you learn in one-step of SGD?

[Dandi, Krzakala, BL, Pesce, Stephan ’23] 

Sample complexity determined by the leap index  of :ℓ g

g(z1, …, zr) = μ0 + ∑
i

μ(1)
i zi + ∑

ij

μ(2)
ij h2(z1, z2) + …

Morally: Smallest non-zero coefficient in Hermite expansion

Examples: 

g(z) = zg(z) = zg(z) = z ℓ = 1
g(z) = z2 ℓ = 2

g(z) = z1⋯zr

ℓ = 2g(z) = z1z2
ℓ = r

g(z) = tanh(z) ℓ = 1
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What you learn in one-step of SGD?

[Dandi, Krzakala, BL, Pesce, Stephan ’23] 

Sample complexity determined by the leap index  of :ℓ g

g(z1, …, zr) = μ0 + ∑
i

μ(1)
i zi + ∑

ij

μ(2)
ij h2(z1, z2) + …

Morally: Smallest non-zero coefficient in Hermite expansion

Examples: 

g(z) = zg(z) = zg(z) = z ℓ = 1
g(z) = z2 ℓ = 2

g(z) = z1⋯zr

ℓ = 2g(z) = z1z2
ℓ = r

g(z) = tanh(z) ℓ = 1

nB
38



Generalisation

Let  be the space learned after a single SGD 
step. Then, for any  such that :

U ⊂ span(w⋆
1 , …, w⋆

r )
a | |a | |∞ = Θd(1)

𝔼 | | f⋆(x) − f(x; a, W1) | |2
2 ≥ Var( f⋆(z) |PUz) − od(1)

We can show that at best learn non-linear functions along learned subspace:

39

Theorem [Dandi, Krzakala, BL, Pesce, Stephan ’23, informal]
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U ⊂ span(w⋆
1 , …, w⋆

r )
a | |a | |∞ = Θd(1)

𝔼 | | f⋆(x) − f(x; a, W1) | |2
2 ≥ Var( f⋆(z) |PUz) − od(1)

We can show that at best learn non-linear functions along learned subspace:

Can get exact results with .n, p = Θd(d)

α = n/d

Best linear predictor
| |Pκ≤1 f⋆ | |2

g
en

. e
rr

or

[Cui, Dandi, Pesce, Zdeborová,  
Lu, Krzakala, BL ’24]
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Theorem [Dandi, Krzakala, BL, Pesce, Stephan ’23, informal]

[Cui, Dandi, Pesce, Zdeborová,  
Lu, Krzakala, BL ’24]



Take away III:

40

After one SGD step, first layer weights 
correlate with the relevant target directions

• For , learn only averaged direction.n = Θ(d)

• At least  required to learn more directionsn = Θ(d2)

• Exact  depends on leap exponent of target.n = Θ(dℓ)

🤔 What about multiple steps?



Morally, it depends on how directions “interact”.

What you learn in multiple steps of GD?

Staircase 
Functions

[Abbe et al. ’22] 

In particular, there is a class of “easy” functions that 
can be sequentially learned with  n = Θ(d)

41



What you learn in multiple steps of GD?

At each additional step, can learn a new directions each time,  
iff they are linear conditioned on the previously learned ones.

Informally : 
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What you learn in multiple steps of GD?

At each additional step, can learn a new directions each time,  
iff they are linear conditioned on the previously learned ones.

Informally : 

“SGD easy”
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What you learn in multiple steps of GD?

At each additional step, can learn a new directions each time,  
iff they are linear conditioned on the previously learned ones.

Informally : 

“SGD easy” “SGD hard”

[Dandi, Krzakala, BL, Pesce, Stephan ’23] 42
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In particular, there are classes of multi-index 
models that can be learned in with n = Θd(d)

Take away IV:

With more than one step, might learn 
linearly correlated subspaces.

🤔 Better than kernels, but fundamental computational barrier?
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Fundamental limitation?

See also [Biroli, Cammarota, Ricci-Tersenghi ’19; Damian, Niching, Ge, Lee ’23]
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Single index r = 1

One-pass SGD

Full batch GD

Recall: kernel requires  n = Θ(d3)

[Dandi, Troiani, Arnaboldi, Pesce, Zdeborová, Krzakala ’24;  
Arnaboldi, Dandi, Krzakala, Pesce, Stephan 24'] 

Fundamental limitation?
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w1
k = w0

k − ηg0
k

g0
k = −

1
|b0 |p ∑

i∈b0
(yi −

1
p

p

∑
l=1

a0
l σ(⟨w0

l , xi⟩)) a0
k σ′￼(⟨w0

k , xi⟩)xi

y = φ(⟨w⋆, x⟩)Consider one step of SGD

Closer look at 1st step
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w1
k = w0

k − ηg0
k

𝔼[g0
k ] = −

a0
k

p
𝔼[yiσ′￼(⟨w0

k , xi⟩)xi]+

y = φ(⟨w⋆, x⟩)

Other (important) stuff

Consider one step of SGD

Therefore, on expectation:

Ind. from (xi, yi)

Closer look at 1st step
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w1
k = w0

k − ηg0
k

𝔼[g0
k ] = −

a0
k

p
𝔼[yiσ′￼(⟨w0

k , xi⟩)xi]+

y = φ(⟨w⋆, x⟩)

Other (important) stuff

Consider one step of SGD

Therefore, on expectation:

The first only access data through a CSQ query 𝔼[yϕ(x)]

= −
a0

k

p
μ⋆

ℓ μℓ+1
⟨w0

k , w⋆⟩ℓ

d
+ ⋯

= Θ(d−ℓ)

Ind. from (xi, yi)

Closer look at 1st step
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|b0 |p ∑
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1
p

p

∑
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w2
k = w1

k − ηg1
k

𝔼[g1
k ] = −

a0
k

p
𝔼[yiσ′￼(⟨w1

k , xi⟩)xi]+

y = φ(⟨w⋆, x⟩)

Other (important) stuff

Consider one step of SGD

Therefore, on expectation:

Closer look at 2nd step

g1
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1
|b1 |p ∑
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1
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∑
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l σ(⟨w1

l , xi⟩)) a0
k σ′￼(⟨w1

k , xi⟩)xi
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w2
k = w1

k − ηg1
k

𝔼[g1
k ] = −

a0
k

p
𝔼[yiσ′￼(⟨w1

k , xi⟩)xi]+

y = φ(⟨w⋆, x⟩)

Other (important) stuff

Consider one step of SGD

Therefore, on expectation:

Closer look at 2nd step

Distinguish 2 cases: 1. Fresh batch: b1 ⊥ b0

g1
k = −

1
|b1 |p ∑

i∈b1
(yi −

1
p

p

∑
l=1

a0
l σ(⟨w1

l , xi⟩)) a0
k σ′￼(⟨w1

k , xi⟩)xi

⇒ 𝔼[⟨w1, xi⟩] = 0

Same as before!

i ∈ b1
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w2
k = w1

k − ηg1
k

𝔼[g1
k ] = −

a0
k

p
𝔼[yiσ′￼(⟨w1

k , xi⟩)xi]+

y = φ(⟨w⋆, x⟩)

Other (important) stuff

Consider one step of SGD

Therefore, on expectation:

Closer look at 2nd step

Distinguish 2 cases: 1. Fresh batch: b1 ⊥ b0

g1
k = −

1
|b1 |p ∑

i∈b1
(yi −

1
p

p

∑
l=1

a0
l σ(⟨w1

l , xi⟩)) a0
k σ′￼(⟨w1

k , xi⟩)xi

⇒ 𝔼[⟨w1, xi⟩] = 0

Same as before!

2. Correlated batch:  e.g. b1 = b0 ⇒ 𝔼[⟨w1
k , xi⟩] ≠ 0

i ∈ b1

 access data through a more general SQ query .g1 𝔼[ϕ(x, y)]
Leap exponent not invariant under !y ↦ ϕ(y)
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What are the fundamental barriers  
for weak learnability in these models?
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Remember? [Barbier et al. ’17; Mondelli, Montanari ’17;  
Maillard, BL, Krzakala, Zdeborová ’20;] 

Signal Likelihood Observation

w⋆ ∼ P⋆ y ∈ ℝnP(y |Xw⋆)

 Gaussian.X
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yi = g(w⋆xi)

xi ∼ 𝒩(0,Id /d)

Estimate  from  observations:w⋆ ∈ ℝd n

+
Knowledge of  

 and w⋆ ∈ 𝕊d−1( d) P(y |W⋆x)

Remember? [Barbier et al. ’17; Mondelli, Montanari ’17;  
Maillard, BL, Krzakala, Zdeborová ’20;] 



 “Generic” Likelihoods: 
For any ,  

beat random guess 
e.g. 

n > 0

g(z) = z3 − 3z

44α =
n
d

Error

Symmetric Likelihood: 
Need ,  
large enough 

e.g.  
( )

n = Θ(d)

g(z) = z2 − 1
αc = 1/2

Random guess

αc = (∫ dy
(𝔼z[(z2 − 1)P(y |z)])2

𝔼z[P(y |z)] )
−1

Remember? [Barbier et al. ’17; Mondelli, Montanari ’17;  
Maillard, BL, Krzakala, Zdeborová ’20;] 

yi = g(w⋆xi)

xi ∼ 𝒩(0,Id /d)

Estimate  from  observations:w⋆ ∈ ℝd n

+
Knowledge of  

 and w⋆ ∈ 𝕊d−1( d) P(y |W⋆x)

Recall: G-AMP achieves optimal weak recovery threshold.
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Similar story for .r > 1

α =
n
d

Error

 Trivial subspaces: 
For any ,  

beat random guess 
e.g. 

n > 0

g(z) = tanh(z1z2z3)

Easy subspaces: 
Need ,  
large enough 

e.g.  

n = Θ(d)

g(z) = z1z2z3
αc ≈ 3.725

[Aubin et al. ’18;  
Troiani, Dandi, Defilippis, Zdeborová, BL, Krzakala ’24;] 

Random guess

Hard subspaces: 
Need ,  

e.g.  
“Parity-like” 

n > Θ(d)
g(z) = sign(z1z2z3)

αc → ∞

yi = g(z1, …, zr) zk = ⟨w⋆
k , x⟩

Multi-index
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A TCS point of view

One-pass SGD

Access data 
through 

 𝔼[yϕ(x)]

Full-batch GD

Access data 
through 

 𝔼[𝒯GD(y)ϕ(x)]

G-AMP

Access data 
through 

 𝔼[𝒯AMP(y)ϕ(x)]
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A TCS point of view

One-pass SGD

Access data 
through 

 𝔼[yϕ(x)]

Full-batch GD

Access data 
through 

 𝔼[𝒯GD(y)ϕ(x)]

G-AMP

Access data 
through 

 𝔼[𝒯AMP(y)ϕ(x)]

Theorem [Troiani, Dandi, Defilippis, Zdeborová, BL, Krzakala ’24, informal]

𝔼[𝒯AMP(y)ϕ(x)] = 0If then 𝔼[𝒯(y)ϕ(x)] = 0

For any measurable 𝒯 : ℝ → ℝ

Moreover, for single index models ( )  matches  
SQ sample complexity.

r = 1 αc,AMP
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Hierarchical learning

yi = z2
1 + sign(z1z2z3) zk = ⟨w⋆

k , x⟩
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Take away V:

Learning features improves allow shallow 
networks to learn more efficiently

Benefit of multi-pass over single-pass SGD 
for weak learnability

G-AMP classification of trivial, easy and hard 
subspaces
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Overview

Part I:

Part II:

Statistical physics point of view on computational 
complexity: a landscape point of view

Shallow networks at initialisation: 
Double descent and benign overfitting in a convex, 

linear model.

Part III: Benefits of feature learning in shallow networks: 
Sample complexity and hierarchical learning 

phenomena



But this is only the tip of 
an iceberg… 
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