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Photoelectric effect

ℏ𝜔 − 𝐼𝑍 =
ℏ2𝑘2

2𝑚
; 𝐼𝑍 =

13.6 𝑒𝑉 𝑍2

𝑛2

Kinetic energy of the ejected electron:

Transition rate for photoelectric absorption:

𝑊𝑓𝑖 =
2𝜋

ℏ
𝜓𝑓(𝑘) −

𝑒
𝑚

Ԧ𝐴 ∙ Ԧ𝑝 𝜓𝑛𝑙𝑚

2

𝜌(𝐸𝑓)

For a hidrogen-like atom in the ground state: 𝜓100 𝑟 =
𝑍3

𝜋𝑎3

1/2

𝑒−𝑍𝑟/𝑎

For atomic dimensions: 𝑘𝑎 ≪ 1 ⇒ 𝑒𝑖𝑘∙ Ԧ𝑟 ≈ 1

⟹ Ԧ𝐴 ≈ Ƹ𝜖𝐴0𝑒
−𝑖𝜔𝑡 dipole approximation

𝑊𝑓𝑖 =
2𝜋

ℏ
𝜓𝑓(𝑘) −𝑒𝐸 ∙ Ԧ𝑟 𝜓𝑛𝑙𝑚

2
𝜌(𝐸𝑓)

Assuming polarization along the z-axis:

The final sate is a free electron: 𝜓𝑓 𝑘 =
1

2𝜋 3/2 𝑒
𝑖𝑘∙ Ԧ𝑟

𝑓 𝐻𝐼 𝑖 = 𝑀𝑓𝑖 = −
𝑒𝐸0

2𝜋 3/2

𝑍3

𝜋𝑎3

1/2

𝑧׬ 𝑒−𝑖𝑘∙ Ԧ𝑟𝑒−𝑍𝑟/𝑎𝑑3𝑟

Solving the integral and performing angular averaging:

𝑀𝑓𝑖
2
=
29

3
𝑒2𝐸0

2
𝑍

𝑎

5 𝑘2

𝑘2 + 𝑍/𝑎 2 6

The number of states in a shell of radius k and thickness dk

𝑑𝑁 = 2
𝑉

2𝜋 3 4𝑘
2𝑑𝑘 =

𝑉

𝜋2
𝑘2𝑑𝑘; with E =

ℏ2𝑘2

2𝑚
⟹ 𝜌 𝐸 =

𝑑𝑁

𝑑𝐸
=

𝑉

𝜋2
𝑚

ℏ2
𝑘

𝑊𝑓𝑖 =
210

3𝜋

𝑚 𝑒2𝐸0
2

ℏ3
𝑍

𝑎

5 𝑘3

𝑘2 + 𝑍/𝑎 2 6

This is the plane wave aproximation

𝜸 + 𝑨 ⟶ 𝑨+ + 𝒆−
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Photoelectric absortion cross section

𝜎𝑝ℎ =
𝑇𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑜𝑛 𝑟𝑎𝑡𝑒

𝐹𝑙𝑢𝑥
=

𝑊𝑓𝑖

Φ𝛾

where Φ𝛾 =
𝐼

ℏ𝜔
=

𝜀0𝑐𝐸0
2

2ℏ𝜔

𝜎𝑝ℎ =
211

3𝜋

𝑚 𝑒2𝜔

𝜀0𝑐 ℏ
2

𝑍

𝑎

5 𝑘3

𝑘2 + 𝑍/𝑎 2 6

This equation allows to calculate the high energy limit :  

ℏ𝜔 ≫ 𝐼𝑍 ⟹ 𝜎𝑝ℎ ≈ 𝐶
𝑍5

𝐸𝛾
7/2

The low energy limit (ℏ𝜔 ≈ 𝐼𝑍 ) requires to modify 𝜓
for the ejected electron: The electron is not free, it is
influenced by the Coulomb potential: 

𝜎𝑝ℎ =
29𝜋2𝛼𝑎2

3𝑍2
𝐼𝑍
ℏ𝜔

4 𝑒−4𝜉𝑐𝑜𝑡
−1𝜉

1 − 𝑒−2𝜋𝜉
; 𝜉 =

𝐼𝑍
ℏ𝜔

In the limit ℏ𝜔 ≈ 𝐼𝑍: 𝜎𝑝ℎ ≈ 6.3 × 10−22𝑍−2

Stobbe 
formula

𝝈𝒑𝒉
𝑷𝒃
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Characteristic X-ray emission

https://oncologymedicalphysics.com/kilovoltage-x-ray-generation/

https://radioactivity.eu.com/articles/phenomenon/photoelectric_effect

https://www.careers360.com/physics/characteristic-x-rays-topic-pge

Auger electrons
An X-ray photon is emitted when a higher shell electron ocupies a vacancy
from an ejected electron due to ionization Secondary electrons can be emitted

from an atom during relaxation

https://www.ossila.com/pages/auger-electrons
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Linear attenuation coefficient

𝐼0

𝑑𝑥

𝐼

dI = −μ𝐼𝑑𝑥 ⟹ 𝐼 = 𝐼0𝑒
−𝜇𝑥 (Beer-Lambert law)

𝜇 = 𝑛𝜎 ; 𝜇 = 𝑐𝑚−1

Mass attenuation coefficient:

𝜇 =
𝜇

𝜌
;     𝜇𝑝ℎ = 𝑐𝑚2𝑔−1

𝜇 = 𝜇𝑝ℎ + 𝜇𝐶 + 𝜇𝑝𝑎𝑖𝑟 + 𝜇𝑅

Half value layer
Thickness needed to reduce incident beam intensity by half:

𝐼 =
𝐼0
2
= 𝐼0𝑒

−𝜇𝑥1/2 ⟹ 𝑥1/2 =
ln(2)

𝜇

Some data bases for attenutaion coefficients:

NIST-XCOM: https://physics.nist.gov/PhysRefData/Xcom/html/xcom1.html

HENKE: https://henke.lbl.gov/optical_constants/ Beam hardening

A polychromatic X-ray
beam becomes more 
energetic ( "harder") as it
passes through an object
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K-edge subtraction imaging

The abrupt increase in the photoelectric x-section at the K-shell is useful for X-ray imaging

https://www.spectralphotoncountingct.com/en/page/contrast-agents-k-edge-imaging

Take 2 images at energies below and a bove a K-edge:

For normal tissue:            𝜇 𝐸2 ≈ 𝜇(𝐸1)

For a contrast agent:  𝜇 𝐸2 ≫ 𝜇(𝐸1)

𝐸1 < 𝐸𝐾 ; 𝐸2 > 𝐸𝐾

Image 1:  𝐼1 = 𝐼0𝑒𝑥𝑝 −𝜇𝐵 𝐸1 𝑥𝐵 − 𝜇𝐶( 𝐸1)𝑥𝐶

Image 2:  𝐼2 = 𝐼0𝑒𝑥𝑝 −𝜇𝐵 𝐸2 𝑥𝐵 − 𝜇𝐶( 𝐸2)𝑥𝐶

Take logarithms and subtract:

𝑙𝑛 𝐼0/𝐼1 = 𝜇𝐵 𝐸1 𝑥𝐵 + 𝜇𝐶( 𝐸1)𝑥𝐶

− 𝑙𝑛 𝐼0/𝐼2 = 𝜇𝐵 𝐸2 𝑥𝐵 + 𝜇𝐶( 𝐸2)𝑥𝐶

𝑥𝐶 ≈
𝑙𝑛 𝐼0/𝐼1 − 𝑙𝑛 𝐼0/𝐼2
𝜇𝐶 𝐸1 − 𝜇𝐶( 𝐸2)

A common technique in Angiography, Cancer imaging, 
contrast-enhanced mammography,  material id, etc.

Photon counting detectors with polychromatic sources:
Take only one image and divide in energy bins.
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Compton scattering

https://radiologykey.com/x-ray-imaging-fundamentals/

𝜸 + 𝒆− ⟶ 𝜸′ + 𝒆−

𝑝𝑖
𝜇
=

𝐸

𝑐
+𝑚𝑐, 𝑝, 0,0 ; 𝑝 𝑒

𝜇
=

𝐸𝑒
𝑐
, Ԧ𝑝𝑒

𝑝𝑓,𝛾
𝜇

=
𝐸′

𝑐
, 𝑝𝑐𝑜𝑠𝜃, 𝑝𝑠𝑒𝑛𝜃, 0

𝑝 𝑒
𝜇
= 𝑝𝑖

𝜇
− 𝑝𝑓,𝛾

𝜇
; 𝑝𝑒

𝜇
𝑝𝑒,𝜇 = 𝑚2𝑐2

𝐸′ =
𝐸

1 +
𝐸
𝑚𝑐2

1 − 𝑐𝑜𝑠𝜃

We can get the Compton cross section
from Feynman rules (QED):

Klein-Nishina Formula

When  𝐸 ≪ 𝑚𝑒𝑐
2 ∶ 𝐸~𝐸′,

→ Thompson scattering:

When  𝐸 ≫ 𝑚𝑒𝑐
2 ∶
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Compton scattering: effect on imaging

In conventional X-ray imaging:  Compton scattering is a source
of image degradation. Solution:

https://www.upstate.edu/radiology/education/rsna/radiography/scattergrid.php

Compton Camera
Reconstruct direction of gamma rays in the energy range

where Compton scattering is the dominant effect

https://www.researchgate.net/figure/Principle-of-a-Compton-camera-The-Compton-scattering-angle-is-the-opening-angle-of-the_fig1_224353796

Compton back-scattering imaging
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Rayleigh scattering

https://radiologykey.com/x-ray-imaging-fundamentals/

Elastic scattering of photons by particles with

sizes smaller than the the photon wavelenght.

𝜸 + 𝑨 ⟶ 𝜸+ 𝑨

If we assume a plane with polarization
along the x-axis:

𝐸 𝑡 = 𝐸0𝑒
−𝑖𝜔𝑡 ො𝑥

The equation of motion for a bound electron:

𝑚 ሷ𝑥 + 𝑚𝜔0
2𝑥 = −𝑒𝐸0𝑒

−𝑖𝜔𝑡

⟹ 𝑥 =
−𝑒𝐸0

𝑚 𝜔0
2 − 𝜔2

𝑒−𝑖𝜔𝑡

There is an induced dipole moment:
𝑝0 = −𝑒𝑥 = 𝛼𝐸0

The power radiated from an oscillating dipole
is:

The inciden EM wave intensity:

Then, the Rayleigh cross section
can be found as:

𝜎𝑅 =
𝑃

𝐼
=

𝜔4𝛼2

6𝜋𝜀0
2𝑐4

This equation
fails when 𝜆~𝑎

We need to introduce atomic form
factor:

For a hidrogen-like charge
distribution:

At large energies:
𝑑𝜎𝑅
𝑑Ω

~𝑞−8

Rayleigh scattering plays an important
role in Dark field imaging.

C. Avila, UNIANDES 11

https://radiologykey.com/x-ray-imaging-fundamentals/


Pair production𝜸 + 𝒁 ⟶ 𝒁+ 𝒆− + 𝒆+

A pesence of a nucleus is needed to
absorb mometum.

Threshold energy: 𝐸𝛾 = 2𝑚𝑐2

In the  limit 𝐸𝛾 ≫ 𝑚𝑒𝑐
2 ∶ Pair production is negligible in  

standard x-ray medical  imaging.

It is useful in High energy 𝛾 ray
imaging

𝑒− + 𝑒+ ⟶ 𝛾 + 𝛾 important in
Positron emisión tomography
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For soft tissue:
• Photoelectric x-section dominates for 𝐸𝛾 < 30 𝑘𝑒𝑉

• Compton scattering dominates for 30 𝑘𝑒𝑉 < 𝐸𝛾 < 3 𝑀𝑒𝑉

• Pair production is predominant for 𝐸𝛾 > 3 𝑀𝑒𝑉

C. Avila, UNIANDES
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𝐼 𝐸, 𝑧 = 𝐼𝑜𝐸𝑥𝑝 − 𝜇 𝐸, 𝑧 𝑧

𝐼2 = 𝐼1𝐸𝑥𝑝 −𝜇1 𝑙1 − 𝑙2 ⋅ 𝐸𝑥𝑝 −𝜇2𝑙2

𝐶 =
𝐼1 − 𝐼2
𝐼1

= 1 − 𝐸𝑥𝑝(−𝑙2 |Δ𝜇| )

Starting from Beer-Lambert law:

For an object 2 embedded in another object 1:

Contrast can be defined as:

Detector

Source

X-RAY ATTENUATION IMAGING BASIC PRINCIPLE

For polychromatic sources: Attenuation imaging produces poor contrast of
Object 2  in cases where 𝜇2 ≪ 𝜇1 (hollow area of
bones)  or 𝜇2 ≈ 𝜇1 (blood within a blood vessel).

𝜇 = 𝜇𝑝ℎ𝑜𝑡𝑜 + 𝜇𝑖𝑛𝑐𝑜ℎ−𝑠𝑐 + 𝜇𝑐𝑜ℎ−𝑠𝑐
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X ray phase contrast imaging (XPCI)

Many biological and human tissues are soft: they have low X- ray absorption→ they
are difficult to visualize with conventional X ray techniques:

- Breast Tissue

- Blood Vessels ( withouth a contrast
agent)

2 specific
cases:

The EM wave propagating through the sample is

𝝍 = 𝝍𝟎𝒆𝒙𝒑 𝒊
𝒏𝝎

𝒄
𝒛

In the x ray energy range the index of refraction
can be written as  : 𝒏 = 𝟏 − 𝜹 + 𝒊𝜷

→ 𝝍 = 𝝍𝟎𝒆
−𝜷𝒌𝟎𝒛𝒆𝒊𝒌𝒛 𝟏−𝜹

▪ Phase effects are produced by 𝛿 : ΔΦ = −𝑘 0׬
𝑍0 𝛿 𝑑𝑧

▪ Attenuation effects are caused by 𝛽 : 𝐼 = 𝜓0
2𝑒−2𝑘 0׬

𝑍0 𝛽 𝑑𝑧

For many soft tissues 𝜹 is ~ 3 orders of magnitude greater than
𝜷→ phase effects could enhance Image constrast

Departamento
de Física



Transport of intensity equation and XPCI
Maxwell equations in vacuum:

∇2𝜓 −
1

𝑐2
𝜕2𝜓

𝜕𝑡2
= 0

For a monochormatic wave propagating
in the z direction:

𝜓 Ԧ𝑟, 𝑡 = 𝑈(Ԧ𝑟)𝑒−𝑖𝜔𝑡 ⟹ ∇2𝑈 + 𝑘2𝑈 = 0

With 𝑈 = 𝐴(𝑥, 𝑦, 𝑧)𝑒𝑖𝑘𝑧 and applying the 
paraxial approximation (: the wave propagates
with very small angles with respect to the 
propation axis):

𝜕2𝐴

𝜕𝑧2
≪ 2𝑘

𝜕𝐴

𝜕𝑧
⟹ ∇⊥

2 𝐴 + 2𝑖𝑘
𝜕𝐴

𝜕𝑧
= 0

The intensity of the wave is:

𝐼 = 𝜓∗𝜓 = 𝐴2 ⟹ 𝐴 = 𝐼𝑒𝑖Φ

𝜕𝐼

𝜕𝑧
+
1

𝑘
∇⊥ ∙ 𝐼∇⊥Φ T.I.E.

T.I.E. : The phase gradient influences the wave intensity!

𝐼(𝑥, 𝑦, 𝑧 + 𝛿𝑧) ≈ 𝐼 𝑥, 𝑦, 𝑧 −
𝛿𝑧

𝑘
∇⊥𝐼 𝑥, 𝑦, 𝑧 ∙ ∇⊥Φ 𝑥, 𝑦 + 𝐼(𝑥, 𝑦, 𝑧) ∇⊥

2Φ(𝑥, 𝑦)

A finite differences solution of T.I.E.:

The wave intensity depends on the gradiente and laplacian of the phase

Phase-contrast techniques are designed to measure  the 
gradient or the Laplacian of the phase

C. Avila, UNIANDES 16

To account for small angle scattering form sample microstructure a 
difusión term is added to the T.I.E.:

𝜕𝐼

𝜕𝑧
= −

1

𝑘
∇⊥ ∙ 𝐼∇⊥Φ + ∇⊥ ∙ 𝐷∇⊥𝐼

Fokker-Planck equation: allows Dark field imaging
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PHASE RETRIEVAL
One often cited technique in the literature: Paganin´s method, which assumes:
1) The sample is uniform
2) The sample is made of a single material

3) The ratio γ =
𝛿

𝛽
remains constant throug the sample

Φ = −𝑘න
0

𝑍0

𝛿 𝑑𝑧 = −𝛾𝑘න
0

𝑧0

𝛽𝑑𝑧 since 𝐼(𝑧0) = 𝐼0𝑒
−2𝑘 0׬

𝑍0 𝛽 𝑑𝑧

Replacing 𝐼 𝑧0 = 𝐼0𝑒
−2𝑘 0׬

𝑍0 𝛽 𝑑𝑧 and Φ into the  T.I.E.:

1

𝛿𝑧
𝐼 𝑧0 + 𝛿𝑧 − 𝐼(𝑧0) = −

1

𝑘
∇𝑇 ∙ 𝐼0𝑒

−2𝑘 0׬
𝑍0 𝛽 𝑑𝑧∇𝑇 −𝛾𝑘න

0

𝑧0

𝛽𝑑𝑧

𝐼

𝐼0
= 𝑒−2𝑘 0׬

𝑍0 𝛽 𝑑𝑧 −
𝛾𝛿𝑧

2𝑘
∇𝑇
2 𝑒−2𝑘 0׬

𝑍0 𝛽 𝑑𝑧 Taking the Fourier transform and simplifying:

ℱ 𝑒−2𝑘 0׬
𝑍0 𝛽 𝑑𝑧 =

ℱ
𝐼
𝐼0

1 +
𝛾𝛿𝑧
2𝑘

𝑘𝑥
2 + 𝑘𝑦

2

Since Φ =
𝛾

2
𝑙𝑛 𝑒−2𝑘 0׬

𝑍0 𝛽 𝑑𝑧 Φ =
𝛾

2
𝑙𝑛 ℱ−1

ℱ
𝐼
𝐼0

1 +
𝛾𝛿𝑧
2𝑘

𝑘𝑥
2 + 𝑘𝑦

2

There are more methods to retrieve the pase which depend on the XPCI technique, including the training of NN.
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XPCI methods at UNIANDES HEP _LAB

1) Inline - Free propagation

2) Single Mask Edge Illumination

3) Speckle based
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CONCLUSIONS

•A detailed understanding of photon–matter interaction cross sections as a function of energy enables the 
optimal use of different imaging techniques across distinct photon-energy regimes. 

•Databases of X-ray interactions with matter are built upon theoretical calculations from quantum 
electrodynamics (QED) and atomic physics, and are validated against experimental measurements. 

•The theoretical foundations of X-ray phase-contrast imaging (XPCI) are the Transport of Intensity Equation (TIE) 
and the Fokker–Planck equation.


